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1 MaremMaTndeckoe onmcaHue

1.1 ®pakTaasbl

®pakran — MHOXKeCTBO, obJajaoIee cBORCTBOM caMononobust (06beKT, B TOUHO-
CTH WM TPUOJIMKEHHO COBHAJIAIONINIT ¢ 9acThiO cebs caMoro, TO eCTb IEe/I0e MMEET TY
ke dbopmy, 9To 1 oaHa wim Gosee dacreif). B maremarnke mojx dppaktasamMu MOHIMAOT
MHOKECTBa TOYEK B €BKJIMJIOBOM IPOCTPAHCTBE, UMEIOIINE JIPOOHYI0 METPUUIECKYIO pa3-
MEPHOCTD, JTUOO METPUIECKYIO PAa3MEPHOCTD, OTJUIHYIO OT TOHOJOTHYECKOH, IIO9TOMY UX
caeyeT OTJINYATh OT MPOYUX FeOMETPHIECKUX (DHTYD, OrPAHUIECHHBIX KOHEUHBIM THCIOM
3BeHbeB. CamMomogo0HbIe (DUTYPDI, TOBTOPSIONIAECS KOHEUHOE YHCJIO Pa3, HA3BIBAIOTCS
upe/jipakTajaMu.

1.2 TlanopotHuk bapHcJin

[Tanmoporuuk Bapucium — ¢dpakras, Ha3BaHbli B YecTh OPHUTAHCKOIO MaTeMaTHKA
Maiikna Bapucau, Buepsbie onucan B ero kuure «Fractals Everywheres [1]. Ist ero mo-
CTPOEHUs UCIOJIb3YETCd YeThIpe MPOCTHIX TPaHCHOPMAIMU, KOTOPbIe PUMEHSIOTCH CJIy-
YaiiHbIM 00pa30M C OLPEJIC/IEHHBIMU BeposaTHOCTAMU. Kazkaoe npeobpa3oBanue MacIiTa-
OupyeT, TOBOPpAYMBAET U CMEIAeT TOYKH, HAYMHAS C O/IHON0 HAa4YaJIbHOTO moJozKeHus. Ha
KaykJIOM TIare, B 3aBUCHMOCTH OT CJydYailHO BHIOpaHHON TpaHC(OpMAINN, HOBas TOYKA
reHepupyeTcsd Ha OCHOBE IPEJbLAyIneil, 1 3TOT MPOIECC MOBTOPAETCA MHOTOKparHO. Pe-
3yJIbTATOM CTAHOBUTCA M300parkeHue, HAIOMHHAIONIEee HACTOAIIUE TAIIOPOTHUKH.

Ti(z,y) = (0,0.16y)

To(x,y) = (0.852 + 0.04y, —0.04z + 0.85y + 1.6),
Ty(x,y) = (0.2x — 0.26y,0.23x + 0.2y + 1.6) ,
Ty(z,y) = (—0.152 + 0.28y, 0.26x + 0.24y + 0.44) .

Kaxkoe u3 3Tux npeobpa3oBaHuil IPUMEHAETCA ¢ BEPOATHOCTDIO:

P(Ty) =001, P(Ty) =085, P(T3)=0.07, P(Ty) =0.07.

Ha pucynkax 1-3 mpuBefieHbI HpHMepPHI ITANOPOTHUKA bBapHcan nad pasnoro xoJn-
dqectBa ToueK (n). Bo Bcex mpmmepax B KadecTBe HadasbHOM Oblaa BHIOpaHAa TOUYKA C
koopaunaTtamu (0, 0).
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Puc. 1. ITanoporuuk Bapuciu s n = 500.

Puc. 3. [Tanmoporuuk Bapucan aisg n = 50000.



1.3 JIujiemma 3aKJIIOYEHHOTO

JntemMa 3ak/ai04€HHONO — (PyHIAMEHTaJbHAas POOJeMa B TEOPUH HUI'P, COIVIACHO
KOTOPOI parMoHabHble UI'POKH HE BCErja OyIyT COTPYAHUYATH JIPYT C JPYTOM, JlarKe
eCJIM 9TO B UX WHTepecax. [Ipeanosaraercsi, 9T0 UTPOK («3aKTIOYEHHBIN ) MAKCHMUA3HPYET
CBOI COOCTBEHHBI BBHIUTPHINI, HE 3a00TSACH O BHITOJE JAPYTruX. B KjlaccuyeckoM BapHaHTe
JIAJIEMMBI 3aKJIFOYEHHOTO JIBA UIPOKA MOTYT BBIOpPATh OJHO U3 JIBYX JeHCTBHIA:

e CorpyauudecTBo: Ipok pernaer cOTpyJIHHYATH C JPYTUM HTI'POKOM, HE C/laBas
€ro BJIACTIM.
e [IpenarenbcTBo: Irpok pemraer mpeaaTh JAPYTroro, ¢aaBas ero BJACTSIM, C TMeJTbIO

1HoJilydeHusd JUYIHON BbIT'OJbI.

B zaBucumocTu or jeiicTBHIE 000UX UT'POKOB BO3MOXKHBI CJI€IVIONIHE UCXOJIbI:

e Ecymm 06a urpoka coTpyaHHUYAIOT, OHU 00a MOJIYYal0OT YMEpeHHOe HaKa3aHue.

e Lcjin 0jiluH UIpOK COTPYIHUYAET, & JIPYTON NpesaéT, TO MpeJaTe/ib 10/y4aeT CBO-
001y, a COTPYIHUYAIONINI — MAaKCUMaJIbHOE HaKa3aHue.

e Ecyim oba urpoka mpejaroT Apyr Jpyra, oba IOJydaloT yMepeHHble HaKa3aHUs,
OJJHAKO Xy7Ke, 9eM MPHU COTPYTHUTIECTBE.

B tabauime 1 npeacraBieHbl BapUaHTHI MCXOIOB JAWJIEMMbI 3aK/JII0UYEHHOTO, KOTOPHIE
paccMaTpUBAJIUChL B 9TOM BapHaHTe JadOpaTOPHON PabOTHI.

Tabmuna 1. Mcxoanl auaeMMbl 3aKII096HHOTO

HelictBue urpoka 1 | HeiictBue urpoka 2 | Hakaszauwue urpoka 1 / Hakazanue urpoka 2
CorpyaHIYecTBO CorpynauYaecTBo 1rox / 1rox

CorpyaHudecTBo IIpenarenbcTBoO 10 ser / 0 ser

IIpenarenscrBo CorpyaaudectBo 0 sier / 10 ner

IIpenarenbcTBO IIpenarenbcTBO 5 jger / 5 jer

B nosTopstomieiica auaeMMe 3aKTI0YEHHOTO UTPa ITPOUCXOTUT TEPUOTUIECKH, U KarK-
JIBI UTPOK MOXKeT «HAaKa3aThby JIPYTI'OTO 3a HECOTPYIHUYIECTBO paHee.

1.4 PasaoBecue H»3iia

Pasnosecue Hama — 0JIHO U3 KJIIOYEBBIX HOHATUI Teopuu Urp. Tak Ha3blBaeTCsd Ha-
6op cTpareruii B urpe Jijid JByX u 0oJjiee HTPOKOB, B KOTOPOM HHU OJIUH YYaCTHUK HE MOZKET
YBEJIMYUTH BBHIUTPHIII, U3MEHUB CBOIO CTPATETIUIO, €CJIU JIPYTHe YIYACTHUKH CBOUX CTpaTe-
ruil He MEHHIOT.

OmpenennTs CTpaTeruio, TP KOTOPOH HACTYIMAET PABHOBECHE MOYKHO C MOMOIIHIO
dpopmyIb:



wi(s;,5—;) > wi(Si,5—;) TSI BCEX S,
rue:

*

7, & oCTasIbHbIe

e wu;(s},5_;) — BBIMIDBIII UIPOKA 4, €CJM OH BBIOMPAET CTPATErHIO S
UTPOKU BBIOMPAIOT CTPATETHU S_;;

e 5_; — HAbOp cTpaTeruii Bcex UI'POKOB, KPOME UI'POKA i;

® 5; — CTpaTerus UI'Poka 4.

B caydae ¢ gunmemmoit 3ak1i09éHHOTO paBHOBecue Hamra jgocTuraercs, Korjaa oda ur-
poka BeIOHpatoT crparernto npegareabcra (I1). Ecau urpok 1 BeiGupaer coTpyHndecTBO
(C), To urpok 2, Beibupast npegareabctso (I1), moaydaer 0 et (Jaydmiuil pe3yabrar s
Hero), a urpok 1 — 10 Jster. Ecaim urpok 1 BeiGupaer npenaresiberso (I1), To urpok 2,
Takzke BbIOHpast pegaresbeTBo (I1), moydaer 5 jer, a urpok 1 — 5 Jjer.

1.5 IIpomamomasa crparerud

[Ipomatorag cTpaTernd 3aKI09aeTcd B TOM, UTO WT'POK He IpeTaeT, MOKa 3TO He
c/JiesiaeT ONIMOHEHT, JaJjee MCTUT OJTUH XOJI M CHOBA BO3BPAIAeTCs K COTPYJIHUYECTBY, €CJIN
ONIIOHEHT He MPOJIOJIZKAET MPEIaBATh.

C, ecmm sj(t—1)=C,

silf) = .

IT, ecmm s;(t—1)
rie:

e s;(t) — cTparerus urpoka i Ha rare t,

e 5;(t — 1) — crparerus oumnonenTa Ha mrare t — 1.



2 OcobenHOCTHU peaI3anm

2.1 IlanoporHuk BaphHcan

2.1.1 Addunnnsie npeobpa3zoBaHne TOYEK

QOYHKIHAHA, KO KOTOPBLIX IIPeJCTaBIeH B JIACTHHTE 1, peajusyioT deTbipe addun-
HBIX IIpeo0pa30BaHusd, HCIIOAb3YEeMBIX I MOCTPOeHUs (ppaKTasia HAaIopoTHHKA bapHcn.
Kaxnoe mpeobpazoBanne MPUHAMAET HA BXOJ TOUKY B JBYMEPHOM TPOCTPAHCTBE (KOOP-
JIMHATHL T U Y) ¥ BO3BPAIAET HOBYIO TOUKY, KOTOpasl IBJSETCS Pe3YJIbTATOM IPHUMEHEHHUSsT
COOTBETCTBYIOINIEr0 Mpeodpa3oBaAHU.

type Point = (Float, Float)

transformationl :: Point —> Point
transformationl (_, y) = (0, 0.16 * y)

transformation? :: Point —> Point
transformation2 (x, y) = (0.85 * x + 0.04 x y, —0.04 * x + 0.85 * y + 1.6)

transformationd :: Point —> Point
transformation3 (x, y) = (0.2 * x — 0.26 * y, 0.23 x x + 0.22 x y + 1.6)

transformation4 :: Point —> Point
transformationd (x, y) = (—0.15 * x + 0.28 * y, 0.26 * x + 0.24 x y + 0.44)

JIncrunr 1. Koy dbyukimii, pesajimsytonux adpduanbie npeodpasoBanus HaJl TOYKAMU
JIJIsl IOCTPOEHHS MMAIOpoTHUKA BapHCn.

2.1.2 T'enepalimsga HOBOII TOYKU

['emeparus HOBOII TOUKH IPOUCXOAUT ¢ moMomipio dyHKIuN genNextPoint um Bcmo-
MoraTenbHOM dyHKIuu applyTransformation, Koj KOTOPBIX IpeJCTABJIEH B JIACTHHTE 2.
applyTransformation npuHHMaeT Ha BXOJ HUCXOJHYIO TOUKY W cjaydaiinoe 4mcso or 0
0o 1, 3areM BBIOMpaeT W HpUMeHseT K TOUYKe TpaHChOPMAIHMIO B COOTBETCTBUU C 3a-
JAHHBIMH BepOATHOCTAMH, W BO3BpallaeT HOBYIO TOuky. genNextPoint mpunmmaer Ha
BXOJ, MCXOJIHYIO TOYKY, renepupyer ciaydaiinoe ducjiao ot 0 jo 1, nupumensier pyHKIMIO
applyTransformation m BO3BpaIacT HOBYK TOYKY.

import System.Random (randomRIO)

applyTransformation :: Point —> Float —> Point
applyTransformation point random

| random < 0.01 = transformationl point

| random < 0.86 = transformation2 point

| random < 0.93 = transformation3 point

| otherwise = transformation4 point

genNextPoint :: Point —> IO Point
genNextPoint point = do
random <— randomRIO (0.0, 1.0 :: Float)
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return $ applyTransformation point random

Jluctunr 2. Kon dyukmuil 114 remepaliuii HOBBIX TOYEK B HAIOPOTHHKe Bapmciu.

2.1.3 PexkypcuBHas reHepanus nmanopoTHuka bapHcan

Oyukmuus barnsleyFern, Kox KOTOPOil TpeICTaBJIeH B JINCTHHTE 3, peaTn3yeT peKyp-
CUBHBIN aJITOPUTM T€HEPAIUH CIIICKa TOYEK, U3 KOTOPBIX COCTOUT MAIIOPOTHUK bapHcim.
QyHKINA TPUHAMAET Ha BXOJ HAYAJIbHYIO TOUKY W YUCJIO — KOJTUIECTBO MAaroB peKypCuH,
a BO3BpaIlaeT CIUCOK TOYeK MamopoTHUKa bapHcu.

barnsleyFern :: Point —> Int —> IO [Point]
barnsleyFern _ 0 = return ||
barnsleyFern startPoint n = do

x’ <— genNextPoint startPoint

xs <— barnsleyFern x’ (n — 1)

return (startPoint : xs)

JIuctunr 3. Kox dbyHKIUT 711 TOCTPOEeHHs ManopoTHuka baprcim.

2.2 IloBTOopgoniagcs JujeMMa 3aKJTI0UYEHHOTO

2.2.1 PasuaoBecue H»sma

Oyuxnus nashEquilibriumStrategy, Koa KOTopoit mpejcTaBieH B JUCTHHTe 4, pea-
jmsyer paBHosecue Hama. OyHKiusg peKypcuBHas, OHa IIPUHUMAET Ha BXOJ, CIIMCOK JI€ii-
CTBUIl ONIIOHEHTA, CIIUCOK Y K€ CreHEePUPOBAHHBIX JAelCTBUIl W YMCJA0 — CUETUYUK KOJIUUe-
cTBa X070B. PyHKIUS 3aBepIiaeTcs, KOT/Ia JIOCTUTAeTCs MaKCHUMYM XOJIOB, OO KOT/a
3aKaHYNBaIlOTCAd XOIbI OIIIIOHEHTA. TaK}Ke OHa HUCIIOJb3YET BCIIOMOTATE/JIbHYIO beHK]_[I/IIO
index0f. Ona npuHEMaeT HA BXOJi HEKOTOPBIH CIHCOK M JEMEHT ITOrO CIIMCKa, a BO3-
BpaIllaeT UHJEKC IEePBOr'0 COBIABIIEro ¢ YKa3aHHBIM 3jeMeHTa. OHa BO3BpaIlaeT CIUCOK
XOJ0B UTPOKA B COOTBETCTBUAU CO CTPATETHEH.

indexOf :: (Eq t) => [t] —> t —> Int
indexOf [| _ = —1
indexOf (x : xs) target

| x == target =0

| otherwise = 1 + indexOf xs target

nashEquilibriumStrategy :: [Char] —> [Char] —> Int —> [Char]
nashEquilibriumStrategy opponentMoves generatedMoves n =
if n <= 100 && length opponentMoves > 0
then
nashEquilibriumStrategy (tail opponentMoves) (generatedMoves ++ [nextStep]) (n + 1)
else generatedMoves
where
cases — [ T, * '], [' T, * IT’]
results = [[0, 10], [3, 5]]
result =
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[ min (results ' 0 ' 1) (results ! 111 1),
max (results !! 011 0) (results !! 1 11 0)

|

nextStep = cases !! indexOf results result !! 1

Jluctunr 4. Kojx GyHKIUR, pe3aJu3yOMuX CTPATEIHIO B COOTBETCTBUH ¢ PABHOBECUEM
H>ma.

2.2.2 IIpomiaronias crparerus

Oyuknug forgivingStrategy, KoJ KOTOPOil IpejcTaBjeH B JUCTUHIE O, DEaIu3y-
eT Tpomalmyo crparernto. OyHKIUS peKypCcHUBHAs, OHa MPUHUMaeT Ha BXOJ CITUCOK
JIefiCTBUI ONIOHEHTA, CITUCOK y2Ke CreHEPUPOBAHHBIX JIEHCTBUN U YHUCTIO — CUETUYUK KOJIU-
JecTBa X0J0B. OYHKINSA 3aBEpIIAETCs, KO/ JOCTUTACTCI MAaKCUMYM XOJ0B, JTHOO KOTJIa
3aKaHIMBAIOTCS X0/l oroHenTa. OHa BO3BpAIAET CIUCOK XOJ0B UT'POKA B COOTBETCTBUU
CO CTparernei.

forgivingStrategy :: [Char] —> [Char] —> Int —> [Char]
forgivingStrategy opponentMoves generatedMoves n
| n > 100 || length opponentMoves == 1 = generatedMoves
|n==20

= forgivingStrategy opponentMoves (generatedMoves ++ C[”]) (n + 1)
| head opponentMoves == C”

= forgivingStrategy (tail opponentMoves) (generatedMoves ++ C[”]) (n + 1)

| otherwise

= forgivingStrategy (tail opponentMoves) (generatedMoves ++ II[”]) (n + 1)

JIucrunr 5. Kox dbyHKImN, peaju3yomnieil mponaoiy CTPATErHIo.

2.2.3 IloacyéT o4KOB

Oyuknus getScore, Ko/l KOTOPOil IpeCcTaB/IeH B IUCTHHTe 6, HOJCINTHIBAET KOINYIe-
CTBO JIET 3aKJJIIOUEeHHS I KazKJA0ro urpoka. OyHKIMg peKypcuBHasd, OHA IPUHUMAET HA
BXOJ[ CIIMCOK JeMCTBUIl IIePBOr0 UI'POKa, CHUCOK JAEHCTBUI BTOPOI'O UIDOKA, U ABa YUCJIA
— KOJIMYECTBO JIeT 3aKJI0YEeHUS JIJId I€POBOTO U BTOPOTro UrpOKOB. DyHKIMSA BO3BPAIIAET
napy u3 ABYX YHUCEJ — KOJNYECTBA JIeT 3aKJJAIUYEHUA JIJid UTPOKOB.

getScore :: [Char] —> [Char] —> Int —> Int —> (Int, Int)
getScore movesl moves2 scorel score2 =

if length movesl == 0 then (scorel, score2)
else getScore (tail movesl) (tail moves2) newScorel newScore2
where

cases = [[’ C’) ’ C’]’ [’ C” ’ H’]’ [’ H” ’ C’]’ [’ I—‘[” ’ H’]]

results = [[1, 1], [10, 0], [0, 10], |3, 5]]

newScorel = scorel + results !l indexOf cases [head movesl, head moves2] !! 0
newScore2 = score2 + results !! indexOf cases [head movesl, head moves2] !! 1

Jluctunr 6. Kojx dyHKIuN 171 moacuéra JieT 3aKJII0YeHus.



2.2.4 OpraHm3anus UTPbI

OyHKIUA game, Ko KOTOPOil MpeIcTaBIeH B JJUCTHHTE 7, 3amyckaeT urpy. OHa mpu-
HUMAaET Ha BXOJ CIIUCOK JeHCTBUIA MepBOTO UI'POKA 1 (PYHKITNIO, PeATU3YIONIYIO CTPATETHIO
urpbl. DyHKIMS BO3BpAIIAeT CIIUCOK OTBETHBIX XOJIOB, BHIOPAHHBLIX B COOTBETCTBUU C yKa-
3aHHOI cTpareruei.

game :: [Char] —> ([Char] —> [Char] —> Int —> [Char]) —> [Char]
game playerMoves gameStrategy

| null playerMoves = []
| otherwise = gameStrategy playerMoves [| 0

JIuctunr 7. Kox dbyHKIMM 15 moacaéra Jier 3aKII0YeHnd.
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3 Pesyabrarhl paboThl MpOorpaMMEbI

Ha Puc. 4 nemoncTpupyercsa padoTa IporpaMMbl /s TeHePAIMH TOYEK HAIIOPOTHUKA,
bapnacan Ha mpumepe ¢ 20 ToUuKaMH.

YKa¥MTEe KONMYecTBO Waros PEKYDCHA

20
[(0.0,0.0),(0.0,1.6),(6.42-2,2.96), (0.1728,4.11344), (8.31141758,5.0895123) , (0.46828544,5.913
6286), (©.63458776,6.607853) , (0.80371374,7.191292) , (0.9708083,7.68045) , (1.132405,8.089551), (1

.2861264,8.430822) , (1.4304404,8.714754) , (1.5644646,8.950324) , (1.6878078,9.145197) , (1.8004446
,9.305905) , (1.9026141,9.438003) , (-2.08733578,4.1139617) , (-1.5977957,5.179802) , (-1.1509343,6.0
667434) , (-0.73562443,6.802769) ]

Pwuc. 4. PesyabTar 3amycka mporpaMMBbl I TeHEepaIllud TOYeK NamopoTHUKa bBapucn.

Ha Puc. 5 upejicrapiiena noBTopsiomasics JAujaeMMa 3aKJI096HHOTO JI/Isl ITPOIatoieit
cTperernu pH 3aJIAHHBIX X0ojax urpoka: [°C’, °0’, ’°C’, ’Cc’, ’o’, °m’, °c’, °C’,
’I1°, °I°]. A wa Puc. 6 gna paBuoecus mo Hamry.

Xoap komnbwTepa: CCMNCChnccn
rogpl 2akmdeHma: 33 (urpok) - 43 (kKomnboTep)

Puc. 5. TloBropgiomasics aujieMMa 3aKII09EHHOTO MPU MPOIIAIONIEH CTpaTeruu.

Xoop KomnetoTepas: [Nnnneem

Ffogwl 3akmoueHuA: 75 (urpok) - 25 (komnbwTep)

Puc. 6. Ilosropgiomasics aujieMMa 3aKII0YEHHOTO JIj1s paBHoBecus 110 Harry.
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3aKJII04YeHume

B xoze BeimoHenus 1abopaTopHoii paboThl OBLTN peaTn30BaHbl JIBE TPOrPAMMBI HA
a3bike nporpammuposanus Haskell. [lepsag nporpamma renepupyer TOYKM JJisl TaoOpoT-
HuKa DapHC/IM ¢ TOMOIBIO PEKYPCUBHOTO aJNOPUTMa C 3aJAHHBIM KOJUYECTBOM IATOB
pexkypcuu. Bropag nporpamma, reHepupyer JeiicCTBHsS BTOPOTO 3aKI0UEHHOTO TP 3a/1aH-
HOW CTpaTeruu u JICHCTBUSAX MEPBOr0O 3aKJII0YEHHOTO. B pamkax jabopaTopHOil pabOTHI
pean30BaHbl JIBe CTPATErWH: MPOIIAIONIAs CTPATeTnd U CTPATeTnsd OCHOBAHHASA HA PaB-
HOBecuu 110 Hammy.
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