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1 Ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå áûëè ïîñòàâëåíû ñëåäóþùèå çàäà÷è:

� Èçó÷èòü òåîðåòè÷åñêèé ìàòåðèàë;

� Îçíàêîìèòüñÿ ñ âàðèàíòàìè êîäèðîâàíèÿ õðîìîñîìû;

� Ðàññìîòðåòü ñïîñîáû âûïîëíåíèÿ îïåðàòîðîâ ðåïðîäóêöèè, êðîññèíãîâåðà è
ìóòàöèè;

� Âûïîëíèòü èíäèâèäóàëüíîå çàäàíèå íà ëþáîì ÿçûêå âûñîêîãî óðîâíÿ

Èíäèâèäóàëüíîå çàäàíèå âàðèàíò 18:

Äàíî: Ôóíêöèÿ Axis parallel hyper-ellipsoid function.

Îáùàÿ ôîðìóëà äëÿ n-ìåðíîãî ñëó÷àÿ:

f(x) =
n∑

i=1

i · x2
i

ãäå x = (x1, x2, . . . , xn), îáëàñòü îïðåäåëåíèÿ xi ∈ [−5.12, 5.12] äëÿ âñåõ i = 1, . . . , n.

Äëÿ äâóìåðíîãî ñëó÷àÿ (n=2):

f(x, y) = 1 · x2 + 2 · y2 = x2 + 2y2

îáëàñòü íàõîæäåíèÿ ðåøåíèÿ x ∈ [−5.12, 5.12], y ∈ [−5.12, 5.12].

Ãëîáàëüíûé ìèíèìóì: f(x) = 0 â òî÷êå xi = 0 äëÿ âñåõ i = 1, . . . , n. Äëÿ äâó-
ìåðíîãî ñëó÷àÿ: min f(x, y) = f(0, 0) = 0.

Òðåáóåòñÿ:

1. Ñîçäàòü ïðîãðàììó, èñïîëüçóþùóþ ãåíåòè÷åñêèé àëãîðèòì äëÿ íàõîæäåíèÿ
ìèíèìóìà äàííîé ôóíêöèè;

2. Äëÿ n=2 âûâåñòè íà ýêðàí ãðàôèê ôóíêöèè ñ óêàçàíèåì íàéäåííîãî ýêñòðå-
ìóìà è òî÷åê ïîïóëÿöèè. Ïðåäóñìîòðåòü âîçìîæíîñòü ïîøàãîâîãî ïðîñìîòðà
ïðîöåññà ïîèñêà ðåøåíèÿ;

3. Èññëåäîâàòü çàâèñèìîñòü âðåìåíè ïîèñêà, ÷èñëà ïîêîëåíèé (ãåíåðàöèé), òî÷-
íîñòè íàõîæäåíèÿ ðåøåíèÿ îò îñíîâíûõ ïàðàìåòðîâ ãåíåòè÷åñêîãî àëãîðèòìà:
÷èñëà îñîáåé â ïîïóëÿöèè, âåðîÿòíîñòè êðîññèíãîâåðà è ìóòàöèè;

4. Ïîâòîðèòü ïðîöåññ ïîèñêà ðåøåíèÿ äëÿ n=3, ñðàâíèòü ðåçóëüòàòû è ñêîðîñòü
ðàáîòû ïðîãðàììû.
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2 Òåîðåòè÷åñêèå ñâåäåíèÿ

Ãåíåòè÷åñêèå àëãîðèòìû (ÃÀ) èñïîëüçóþò ïðèíöèïû è òåðìèíîëîãèþ, çàèìñòâî-
âàííûå ó áèîëîãè÷åñêîé íàóêè � ãåíåòèêè. Â ÃÀ êàæäàÿ îñîáü ïðåäñòàâëÿåò ïîòåíöè-
àëüíîå ðåøåíèå íåêîòîðîé ïðîáëåìû. Â êëàññè÷åñêîì ÃÀ îñîáü êîäèðóåòñÿ ñòðîêîé
äâîè÷íûõ ñèìâîëîâ � õðîìîñîìîé. Îäíàêî ïðè ðàáîòå ñ îïòèìèçàöèîííûìè çàäà÷à-
ìè â íåïðåðûâíûõ ïðîñòðàíñòâàõ âïîëíå åñòåñòâåííî ïðåäñòàâëÿòü ãåíû íàïðÿìóþ
âåùåñòâåííûìè ÷èñëàìè. Â ýòîì ñëó÷àå õðîìîñîìà åñòü âåêòîð âåùåñòâåííûõ ÷èñåë
(real-coded àëãîðèòìû). Èõ òî÷íîñòü îïðåäåëÿåòñÿ èñêëþ÷èòåëüíî ðàçðÿäíîé ñåò-
êîé ÝÂÌ. Äëèíà õðîìîñîìû ñîâïàäàåò ñ äëèíîé âåêòîðà-ðåøåíèÿ îïòèìèçàöèîííîé
çàäà÷è, êàæäûé ãåí îòâå÷àåò çà îäíó ïåðåìåííóþ. Ãåíîòèï îáúåêòà ñòàíîâèòñÿ èäåí-
òè÷íûì åãî ôåíîòèïó.

Ìíîæåñòâî îñîáåé � ïîòåíöèàëüíûõ ðåøåíèé ñîñòàâëÿåò ïîïóëÿöèþ. Ïîèñê
(ñóá)îïòèìàëüíîãî ðåøåíèÿ ïðîáëåìû âûïîëíÿåòñÿ â ïðîöåññå ýâîëþöèè ïîïóëÿöèè
- ïîñëåäîâàòåëüíîãî ïðåîáðàçîâàíèÿ îäíîãî êîíå÷íîãî ìíîæåñòâà ðåøåíèé â äðóãîå
ñ ïîìîùüþ ãåíåòè÷åñêèõ îïåðàòîðîâ ðåïðîäóêöèè, êðîññèíãîâåðà è ìóòàöèè.

Ïðåäâàðèòåëüíî ïðîñòîé ÃÀ ñëó÷àéíûì îáðàçîì ãåíåðèðóåò íà÷àëüíóþ ïîïóëÿ-
öèþ ñòðèíãîâ (õðîìîñîì). Çàòåì àëãîðèòì ãåíåðèðóåò ñëåäóþùåå ïîêîëåíèå (ïîïó-
ëÿöèþ), ñ ïîìîùüþ òðåõ îñíîâíûõ ãåíåòè÷åñêèõ îïåðàòîðîâ:

1. Îïåðàòîð ðåïðîäóêöèè (ÎÐ);

2. Îïåðàòîð ñêðåùèâàíèÿ (êðîññèíãîâåðà, ÎÊ);

3. Îïåðàòîð ìóòàöèè (ÎÌ).

ÃÀ ðàáîòàåò äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî çàäàííîå êîëè÷åñòâî ïîêîëåíèé
(èòåðàöèé) ïðîöåññà ýâîëþöèè èëè íà íåêîòîðîé ãåíåðàöèè áóäåò ïîëó÷åíî çàäàííîå
êà÷åñòâî èëè âñëåäñòâèå ïðåæäåâðåìåííîé ñõîäèìîñòè ïðè ïîïàäàíèè â íåêîòîðûé
ëîêàëüíûé îïòèìóì. Íà Ðèñ. 1 ïðåäñòàâëåí ïðîñòîé ãåíåòè÷åñêèé àëãîðèòì.
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Ðèñ. 1. Ïðîñòîé ãåíåòè÷åñêèé àëãîðèòì

2.1 Îñíîâíàÿ òåðìèíîëîãèÿ â ãåíåòè÷åñêèõ àëãîðèò-

ìàõ

Ãåí � ýëåìåíòàðíûé êîä â õðîìîñîìå si, íàçûâàåìûé òàêæå çíàêîì èëè äåòåê-
òîðîì (â êëàññè÷åñêîì ÃÀ si = 0, 1).
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Õðîìîñîìà � óïîðÿäî÷åííàÿ ïîñëåäîâàòåëüíîñòü ãåíîâ â âèäå çàêîäèðîâàííîé
ñòðóêòóðû äàííûõ S = (s1, s2, . . . , sn), îïðåäåëÿþùàÿ ðåøåíèå. Ìîæåò áûòü ïðåä-
ñòàâëåíà êàê äâîè÷íàÿ ïîñëåäîâàòåëüíîñòü (ãäå si = 0, 1) èëè êàê âåêòîð âåùåñòâåí-
íûõ ÷èñåë (real-coded ïðåäñòàâëåíèå).

Ëîêóñ � ìåñòîïîëîæåíèå (ïîçèöèÿ, íîìåð áèòà) äàííîãî ãåíà â õðîìîñîìå.

Àëëåëü � çíà÷åíèå, êîòîðîå ïðèíèìàåò äàííûé ãåí (íàïðèìåð, 0 èëè 1).

Îñîáü � îäíî ïîòåíöèàëüíîå ðåøåíèå çàäà÷è (ïðåäñòàâëÿåìîå õðîìîñîìîé).

Ïîïóëÿöèÿ � ìíîæåñòâî îñîáåé (õðîìîñîì), ïðåäñòàâëÿþùèõ ïîòåíöèàëüíûå
ðåøåíèÿ.

Ïîêîëåíèå � òåêóùàÿ ïîïóëÿöèÿ ÃÀ íà äàííîé èòåðàöèè àëãîðèòìà.

Ãåíîòèï � íàáîð õðîìîñîì äàííîé îñîáè. Â ïîïóëÿöèè ìîãóò èñïîëüçîâàòüñÿ
êàê îòäåëüíûå õðîìîñîìû, òàê è öåëûå ãåíîòèïû.

Ãåíîôîíä � ìíîæåñòâî âñåõ âîçìîæíûõ ãåíîòèïîâ.

Ôåíîòèï � íàáîð çíà÷åíèé, ñîîòâåòñòâóþùèé äàííîìó ãåíîòèïó. Ýòî äåêîäè-
ðîâàííîå ìíîæåñòâî ïàðàìåòðîâ çàäà÷è (íàïðèìåð, äåñÿòè÷íîå çíà÷åíèå x, ñîîòâåò-
ñòâóþùåå äâîè÷íîìó êîäó).

Ðàçìåð ïîïóëÿöèè N � ÷èñëî îñîáåé â ïîïóëÿöèè.

×èñëî ïîêîëåíèé � êîëè÷åñòâî èòåðàöèé, â òå÷åíèå êîòîðûõ ïðîèçâîäèòñÿ
ïîèñê.

Ñåëåêöèÿ � ñîâîêóïíîñòü ïðàâèë, îïðåäåëÿþùèõ âûæèâàíèå îñîáåé íà îñíîâå
çíà÷åíèé öåëåâîé ôóíêöèè.

Ýâîëþöèÿ ïîïóëÿöèè � ÷åðåäîâàíèå ïîêîëåíèé, â êîòîðûõ õðîìîñîìû èçìå-
íÿþò ñâîè ïðèçíàêè, ÷òîáû êàæäàÿ íîâàÿ ïîïóëÿöèÿ ëó÷øå ïðèñïîñàáëèâàëàñü ê
ñðåäå.

Ôèòíåññ-ôóíêöèÿ � ôóíêöèÿ ïîëåçíîñòè, îïðåäåëÿþùàÿ ìåðó ïðèñïîñîáëåí-
íîñòè îñîáè. Â çàäà÷àõ îïòèìèçàöèè îíà ñîâïàäàåò ñ öåëåâîé ôóíêöèåé èëè îïèñû-
âàåò áëèçîñòü ê îïòèìàëüíîìó ðåøåíèþ.

2.2 Ãåíåòè÷åñêèå îïåðàòîðû

2.2.1 Îïåðàòîð ðåïðîäóêöèè

Ðåïðîäóêöèÿ � ïðîöåññ êîïèðîâàíèÿ õðîìîñîì â ïðîìåæóòî÷íóþ ïîïóëÿöèþ äëÿ
äàëüíåéøåãî �ðàçìíîæåíèÿ� â ñîîòâåòñòâèè ñî çíà÷åíèÿìè ôèòíåññ-ôóíêöèè. Â äàí-
íîé ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä êîëåñà ðóëåòêè. Êàæäîé õðîìîñîìå ñîîòâåòñòâóåò
ñåêòîð, ïðîïîðöèîíàëüíûé çíà÷åíèþ ôèòíåññ-ôóíêöèè. Õðîìîñîìû ñ áîëüøèì çíà-
÷åíèåì èìåþò áîëüøå øàíñîâ ïîïàñòü â ñëåäóþùåå ïîêîëåíèå.

2.2.2 Îïåðàòîðû êðîññèíãîâåðà äëÿ real-coded àëãîðèòìîâ

Îïåðàòîð ñêðåùèâàíèÿ íåïðåðûâíîãî ÃÀ (êðîññîâåð) ïîðîæäàåò îäíîãî èëè
íåñêîëüêèõ ïîòîìêîâ îò äâóõ õðîìîñîì. Òðåáóåòñÿ èç äâóõ âåêòîðîâ âåùåñòâåííûõ
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÷èñåë ïîëó÷èòü íîâûå âåêòîðû ïî îïðåäåë¼ííûì çàêîíàì. Áîëüøèíñòâî real-coded
àëãîðèòìîâ ãåíåðèðóþò íîâûå âåêòîðû â îêðåñòíîñòè ðîäèòåëüñêèõ ïàð.

Ïóñòü C1 = (c11, c21, . . . , cn1) è C2 = (c12, c22, . . . , cn2) � äâå õðîìîñîìû, âûáðàííûå
îïåðàòîðîì ñåëåêöèè äëÿ ñêðåùèâàíèÿ.

Àðèôìåòè÷åñêèé êðîññîâåð (arithmetical crossover): ñîçäàþòñÿ äâà ïî-
òîìêà H1 = (h11, . . . , hn1), H2 = (h12, . . . , hn2), ãäå:

hk1 = w · ck1 + (1− w) · ck2

hk2 = w · ck2 + (1− w) · ck1
ãäå k = 1, . . . , n, w � âåñîâîé êîýôôèöèåíò èç èíòåðâàëà [0; 1].

Ðèñ. 2. Àðèôìåòè÷åñêèé êðîññîâåð

Ãåîìåòðè÷åñêèé êðîññîâåð (geometrical crossover): ñîçäàþòñÿ äâà ïîòîìêà
H1 = (h11, . . . , hn1), H2 = (h12, . . . , hn2), ãäå:

hk1 = (ck1)
w · (ck2)(1−w)

hk2 = (ck2)
w · (ck1)(1−w)

ãäå w � ñëó÷àéíîå ÷èñëî èç èíòåðâàëà [0; 1].

Ðèñ. 3. Ãåîìåòðè÷åñêèé êðîññîâåð

Ñìåøàííûé êðîññîâåð (BLX-alpha crossover): ãåíåðèðóåòñÿ îäèí ïîòîìîê
H = (h1, . . . , hk, . . . , hn), ãäå hk � ñëó÷àéíîå ÷èñëî èç èíòåðâàëà [cmin−I ·α, cmax+I ·α],
cmin = min(ck1, ck2), cmax = max(ck1, ck2), I = cmax − cmin.

Ðèñ. 4. Ñìåøàííûé êðîññîâåð

SBX êðîññîâåð (Simulated Binary Crossover): êðîññîâåð, èìèòèðóþùèé
äâîè÷íûé, ðàçðàáîòàííûé â 1995 ãîäó èññëåäîâàòåëüñêîé ãðóïïîé ïîä ðóêîâîäñòâîì
K. Deb'à. Ìîäåëèðóåò ïðèíöèïû ðàáîòû äâîè÷íîãî îïåðàòîðà ñêðåùèâàíèÿ, ñîõðàíÿÿ
âàæíîå ñâîéñòâî � ñðåäíåå çíà÷åíèå ôóíêöèè ïðèñïîñîáëåííîñòè îñòà¼òñÿ íåèçìåí-
íûì ó ðîäèòåëåé è èõ ïîòîìêîâ.
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Ñîçäàþòñÿ äâà ïîòîìêà Hk = (h1k, . . . , hjk, . . . , hnk), k = 1, 2, ãäå:

hj1 = 0.5[(1 + βk)cj1 + (1− βk)cj2]

hj2 = 0.5[(1− βk)cj1 + (1 + βk)cj2]

ãäå βk ≥ 0 � ÷èñëî, ïîëó÷åííîå ïî ôîðìóëå:

βk =

(2u)
1

n+1 , ïðè u ≤ 0.5(
1

2(1−u)

) 1
n+1

, ïðè u > 0.5

ãäå u ∈ (0, 1) � ñëó÷àéíîå ÷èñëî, ðàñïðåäåë¼ííîå ïî ðàâíîìåðíîìó çàêîíó, n ∈
[2, 5] � ïàðàìåòð êðîññîâåðà. Óâåëè÷åíèå n ïîâûøàåò âåðîÿòíîñòü ïîÿâëåíèÿ ïîòîìêà
â îêðåñòíîñòè ðîäèòåëåé.

Ðèñ. 5. SBX êðîññîâåð

2.2.3 Îïåðàòîðû ìóòàöèè äëÿ real-coded àëãîðèòìîâ

Â êà÷åñòâå îïåðàòîðà ìóòàöèè íàèáîëüøåå ðàñïðîñòðàíåíèå ïîëó÷èëè: ñëó÷àé-
íàÿ è íåðàâíîìåðíàÿ ìóòàöèÿ.

Ñëó÷àéíàÿ ìóòàöèÿ (random mutation): ãåí, ïîäëåæàùèé èçìåíåíèþ, ïðè-
íèìàåò ñëó÷àéíîå çíà÷åíèå èç èíòåðâàëà ñâîåãî èçìåíåíèÿ.

Íåðàâíîìåðíàÿ ìóòàöèÿ (non-uniform mutation): èç îñîáè ñëó÷àéíî âû-
áèðàåòñÿ òî÷êà ck ñ ðàçðåø¼ííûìè ïðåäåëàìè èçìåíåíèÿ [ckl, ckr]. Òî÷êà ìåíÿåòñÿ
íà:

c′k =

{
ck +∆(t, ckr − ck), ïðè a = 1

ck −∆(t, ck − ckl), ïðè a = 0

ãäå a � ñëó÷àéíî âûáðàííîå íàïðàâëåíèå èçìåíåíèÿ, ∆(t, y) � ôóíêöèÿ, âîçâðà-
ùàþùàÿ ñëó÷àéíóþ âåëè÷èíó â ïðåäåëàõ [0, y] òàêèì îáðàçîì, ÷òî ïðè óâåëè÷åíèè t
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ñðåäíåå âîçâðàùàåìîå çíà÷åíèå óìåíüøàåòñÿ:

∆(t, y) = y · r ·
(
1− t

T

)b

ãäå r � ñëó÷àéíàÿ âåëè÷èíà íà èíòåðâàëå [0, 1], t � òåêóùàÿ ýïîõà ðàáîòû ãåíå-
òè÷åñêîãî àëãîðèòìà, T � îáùåå ðàçðåø¼ííîå ÷èñëî ýïîõ àëãîðèòìà, b � çàäàâàåìûé
ïîëüçîâàòåëåì ïàðàìåòð, îïðåäåëÿþùèé ñòåïåíü çàâèñèìîñòè îò ÷èñëà ýïîõ.
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3 Îñîáåííîñòè ðåàëèçàöèè

Â ðàìêàõ ðàáîòû ñîçäàíà ìèíè-áèáëèîòåêà gen.py äëÿ ýêñïåðèìåíòîâ ñ
real-coded ãåíåòè÷åñêèì àëãîðèòìîì äëÿ ìíîãîìåðíûõ ôóíêöèé. Âòîðîé ìîäóëü
expirements.py îðãàíèçóåò ñåðèéíûå ýêñïåðèìåíòû (ïåðåáîð ïàðàìåòðîâ, ôîðìà-
òèðîâàíèå è ñîõðàíåíèå ðåçóëüòàòîâ).

� Êîäèðîâàíèå îñîáåé: êàæäàÿ õðîìîñîìà ïðåäñòàâëåíà êàê np.ndarray âå-
ùåñòâåííûõ ÷èñåë (Chromosome = NDArray[np.float64]). Äëèíà õðîìîñîìû
ñîîòâåòñòâóåò ðàçìåðíîñòè çàäà÷è îïòèìèçàöèè. Ïîïóëÿöèÿ � ñïèñîê õðîìî-
ñîì (Population = list[Chromosome]). Èíèöèàëèçàöèÿ ñëó÷àéíûìè âåêòîðà-
ìè â çàäàííîì äèàïàçîíå:

� initialize_population(pop_size: int, x_min: Chromosome, x_max:
Chromosome) -> Population

� Ôèòíåññ è ìèíèìóì/ìàêñèìóì: öåëåâàÿ ôóíêöèÿ ïðèíèìàåò õðîìîñîìó
(âåêòîð) è âîçâðàùàåò ñêàëÿðíîå çíà÷åíèå ôèòíåññà. Äëÿ ðåæèìà ìèíèìè-
çàöèè èñïîëüçóåòñÿ âíóòðåííåå ïðåîáðàçîâàíèå ïðè ñåëåêöèè (ñäâèã íà ìè-
íèìàëüíîå çíà÷åíèå), ÷òî ïîçâîëÿåò ïðèìåíÿòü ðóëåòêó ïðè îòðèöàòåëüíûõ
çíà÷åíèÿõ:

� eval_population(population: Population, fitness_func: FitnessFn)
-> Fitnesses

� Ëîãèêà ðåæèìà ìèíèìèçàöèè â genetic_algorithm(config: GARunConfig)
-> GARunResult

� Ñåëåêöèÿ (ðóëåòêà): âåðîÿòíîñòè íîðìèðóþòñÿ ïîñëå ñäâèãà íà ìèíèìàëü-
íîå çíà÷åíèå â ïîêîëåíèè (óñòîé÷èâî ê îòðèöàòåëüíûì ôèòíåññàì). Ôóíêöèÿ:
reproduction(population: Population, fitnesses: Fitnesses) -> Population.

� Êðîññèíãîâåð: ðåàëèçîâàíû àðèôìåòè÷åñêèé è ãåîìåòðè÷åñêèé êðîññîâåðû
äëÿ real-coded àëãîðèòìîâ. Êðîññèíãîâåð âûïîëíÿåòñÿ ïîïàðíî ïî ïåðåìåøàí-
íîé ïîïóëÿöèè ñ âåðîÿòíîñòüþ pc. Ôóíêöèè:

� arithmetical_crossover_fn(p1: Chromosome, p2: Chromosome, w: float)
-> tuple[Chromosome, Chromosome]

� geometrical_crossover_fn(p1: Chromosome, p2: Chromosome, w: float)
-> tuple[Chromosome, Chromosome]

� crossover(population: Population, pc: float, crossover_fn: CrossoverFn)
-> Population

� Ìóòàöèÿ: ñëó÷àéíàÿ ìóòàöèÿ � ñ âåðîÿòíîñòüþ pm íà õðîìîñîìó èçìåíÿåòñÿ
îäèí ñëó÷àéíî âûáðàííûé ãåí íà ñëó÷àéíîå çíà÷åíèå èç äîïóñòèìîãî äèàïà-
çîíà. Ôóíêöèè:

� build_random_mutation_fn(x_min: Chromosome, x_max: Chromosome) ->
MutationFn
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� mutation(population: Population, pm: float, mutation_fn: MutationFn)
-> Population

� Êðèòåðèé îñòàíîâêè: ïîääåðæèâàåòñÿ êðèòåðèé ïî ñðåäíåìó çíà÷åíèþ
ôèòíåññ-ôóíêöèè â ïîïóëÿöèè è ìàêñèìàëüíîìó êîëè÷åñòâó ïîêîëåíèé. Õðà-
íèòñÿ èñòîðèÿ âñåõ ïîêîëåíèé. Ïðîâåðêà âûïîëíÿåòñÿ â ôóíêöèè:

genetic_algorithm(config: GARunConfig) -> GARunResult.

� Âèçóàëèçàöèÿ: äëÿ äâóìåðíûõ ôóíêöèé ðåàëèçîâàíû 3D-ãðàôèêè ïîâåðõíî-
ñòè è 2D-êîíòóðíûå ãðàôèêè ñ îòîáðàæåíèåì ïîïóëÿöèé. Ôóíêöèè:

� plot_fitness_surface(fitness_func: FitnessFn, x_min: Chromosome,
x_max: Chromosome, ax: Axes3D)

� plot_fitness_contour(fitness_func: FitnessFn, x_min: Chromosome,
x_max: Chromosome, ax: Axes)

� save_generation(generation: Generation, history: list[Generation],
config: GARunConfig)

� Èçìåðåíèå âðåìåíè: äëèòåëüíîñòü âû÷èñëåíèé âîçâðàùàåòñÿ â ìèëëèñåêóí-
äàõ êàê ÷àñòü GARunResult.time_ms.

� Ôàéëîâàÿ îðãàíèçàöèÿ: ðåçóëüòàòû ýêñïåðèìåíòîâ ñîõðàíÿþòñÿ èåðàðõè-
÷åñêè â ñòðóêòóðå experiments/N/ ñ òàáëèöàìè ðåçóëüòàòîâ â ôîðìàòå CSV.
Çàäåéñòâîâàííûå ôóíêöèè:

� clear_results_directory(results_dir: str) -> None

� run_single_experiment(pop_size: int, pc: float, pm: float) -> tuple[float,
float, float, float]

� run_experiments_for_population(pop_size: int) -> PrettyTable

Â ìîäóëå expirements.py çàäà¼òñÿ öåëåâàÿ ôóíêöèÿ axis parallel hyper-ellipsoid:
f(x, y) = x2 + 2y2 è ïàðàìåòðû ýêñïåðèìåíòîâ. Ñåðèéíûå çàïóñêè è ñîõðàíåíèå ðå-
çóëüòàòîâ ðåàëèçîâàíû â ôóíêöèÿõ run_single_experiment, run_experiments_for_population
è main.
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4 Ðåçóëüòàòû ðàáîòû

Íà Ðèñ. 6�14 ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû ãåíåòè÷åñêîãî àëãîðèòìà ñî ñëå-
äóþùèìè ïàðàìåòðàìè:

� N = 25 � ðàçìåð ïîïóëÿöèè.

� pc = 0.5 � âåðîÿòíîñòü êðîññèíãîâåðà.

� pm = 0.01 � âåðîÿòíîñòü ìóòàöèè.

� Àëãîðèòì îñòàíàâëèâàëñÿ, åñëè ëó÷øåå çíà÷åíèå ôèòíåñà íå èçìåíÿëîñü 10
ïîêîëåíèé ïîäðÿä.

� Èñïîëüçîâàí àðèôìåòè÷åñêèé êðîññîâåð äëÿ real-coded õðîìîñîì.

Ïîïóëÿöèÿ ïîñòåïåííî êîíñîëèäèðóåòñÿ âîêðóã ãëîáàëüíîãî ìèíèìóìà â òî÷êå
(0, 0). Ëó÷øàÿ îñîáü áûëà íàéäåíà íà ïîêîëíåíèè �9 (ñì. Ðèñ. 11), íî ñóäÿ ïî âñåìó
îíà ïîäâåðãëàñü ìóòàöèè èëè êðîññèíãîâåðó, ïîýòîìó àëãîðèòì íå îñòàíîâèëñÿ. Íà
ïîêîëåíèè �19 (ñì. Ðèñ. 14) áûëî ïîëó÷åíî çíà÷åíèå ôèòíåñà 0.0201, êîòîðîå çàòåì
ïîâòîðÿëîñü â ñëåäóþùèõ 10 ïîêîëåíèÿõ. Àëãîðèòì îñòàíîâèëñÿ íà ïîêîëëåíèè �29.
Íà ãðàôèêàõ ïîêàçàíû 2D-êîíòóðíûé ãðàôèê (a) è 3D-ïîâåðõíîñòü öåëåâîé ôóíêöèè
ñ òî÷êàìè ïîïóëÿöèè òåêóùåãî ïîêîëåíèÿ (b) è (c).

Ðèñ. 6. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �1
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Ðèñ. 7. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �2

Ðèñ. 8. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �3

Ðèñ. 9. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �5
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Ðèñ. 10. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �7

Ðèñ. 11. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �9

Ðèñ. 12. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �10
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Ðèñ. 13. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �15

Ðèñ. 14. Ãðàôèê öåëåâîé ôóíêöèè è ïîïóëÿöèè ïîêîëåíèÿ �19
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5 Èññëåäîâàíèå ðåàëèçàöèè

5.1 Ïðîâåäåíèå èçìåðåíèé

Â ðàìêàõ ëàáîðàòîðíîé ðàáîòû íåîáõîäèìî áûëî èññëåäîâàòü çàâèñèìîñòü âðå-
ìåíè âûïîëíåíèÿ çàäà÷è è êîëè÷åñòâà ïîêîëåíèé îò ïîïóëÿöèè è âåðîÿòíîñòåé êðîñ-
ñèíãîâåðà è ìóòàöèè õðîìîñîìû

Äëÿ èññëåäîâàíèÿ áûëè âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ:

� N = 10, 25, 50, 100 � ðàçìåð ïîïóëÿöèè.

� pc = 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 � âåðîÿòíîñòü êðîññèíãîâåðà.

� pm = 0.001, 0.01, 0.05, 0.1, 0.2 � âåðîÿòíîñòü ìóòàöèè.

Èçìåðåíèÿ áûëè ïðîâåäåíû äëÿ äâóõ êðèòåðèåâ îñòàíîâêè:

� Ëó÷øåå çíà÷åíèå ôèòíåñà íå èçìåíÿëîñü 10 ïîêîëåíèé.

� Ëó÷øåå çíà÷åíèå ôèòíåñà äîñòèãëî çàäàííîãî çíà÷åíèÿ 0.005.

Ðåçóëüòàòû äëÿ ïåðâîãî êðèòåðèÿ îñòàíîâêè

Ðåçóëüòàòû èçìåðåíèé ïðåäñòàâëåíû â òàáëèöàõ 1�4. Â ÿ÷åéêàõ óêàçàíî âðåìÿ â
ìèëëèñåêóíäàõ íàõîæäåíèÿ ìèíèìóìà ôóíêöèè. Â ñêîáêàõ óêàçàíî êîëè÷åñòâî ïî-
êîëåíèé, çà êîòîðîå áûëî íàéäåíî ðåøåíèå. Âî âòîðîé ñòðîêå óêàçàíî óñðåäí¼ííîå
ïî âñåì çàïóñêàì ëó÷øåå çíà÷åíèå ôèòíåñà. Åñëè â ÿ÷åéêå ñòîèò ïðî÷åðê, òî ýòî
îçíà÷àåò, ÷òî ðåøåíèå íå áûëî íàéäåíî çà 200 ïîêîëåíèé. Ëó÷øåå çíà÷åíèå ïî âðå-
ìåíè âûïîëíåíèÿ è ïî çíà÷åíèþ ôèòíåñà äëÿ êàæäîãî ðàçìåðà ïîïóëÿöèè âûäåëåíî
öâåòîì è æèðíûì øðèôòîì.
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Òàáëèöà 1. Ðåçóëüòàòû äëÿ N = 10

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 1.3 (13)
0.36281

1.7 (18)
7.55685

1.2 (13)
1.55537

1.0 (11)
1.78411

9.4 (87)
0.04271

0.4 1.3 (14)
0.03913

1.6 (17)
0.02868

1.3 (13)
0.36232

2.1 (20)
0.10641

�

0.5 1.4 (15)
0.87081

1.7 (18)
1.71634

2.3 (21)
0.10401

3.4 (25)
0.00461

�

0.6 2.8 (19)
0.06375

1.8 (13)
0.72202

2.9 (22)
0.01473

3.4 (25)
0.01162

29.4 (184)
0.00033

0.7 1.5 (15)
1.25409

2.3 (22)
8.67464

1.9 (18)
0.13319

8.6 (66)
0.00078

8.9 (48)
0.11136

0.8 1.9 (15)
3.10415

1.4 (13)
1.09275

2.1 (19)
0.43094

6.4 (54)
0.00191

�

Òàáëèöà 2. Ðåçóëüòàòû äëÿ N = 25

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 3.0 (18)
0.16836

2.2 (13)
0.04190

4.7 (27)
0.00544

� �

0.4 4.1 (24)
0.00808

4.6 (26)
0.01101

5.8 (31)
0.02330

3.8 (19)
0.05414

�

0.5 3.1 (17)
0.05259

5.0 (26)
0.47018

27.8 (138)
0.00024

14.5 (67)
0.00312

�

0.6 6.1 (31)
0.01033

6.8 (34)
0.00148

� � �

0.7 4.1 (21)
0.00107

3.2 (16)
0.32522

� � �

0.8 23.9 (109)
0.00352

15.8 (72)
0.11662

28.3 (123)
0.00038

� �
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Òàáëèöà 3. Ðåçóëüòàòû äëÿ N = 50

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 14.9 (51)
0.05874

19.3 (59)
0.00003

36.7 (113)
0.00190

� �

0.4 12.5 (40)
0.01955

5.6 (18)
0.00022

� � �

0.5 65.0 (195)
0.04790

26.4 (78)
0.01673

� � �

0.6 16.4 (47)
0.00329

18.5 (50)
0.00065

� � �

0.7 51.0 (137)
0.00120

59.3 (158)
0.00010

� � �

0.8 48.8 (126)
0.01393

67.6 (172)
0.00650

� � �

Òàáëèöà 4. Ðåçóëüòàòû äëÿ N = 100

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 24.2 (44)
0.00110

17.9 (32)
0.00113

17.6 (29)
0.00193

� �

0.4 30.7 (51)
0.00173

� � � �

0.5 27.4 (43)
0.00016

� � � �

0.6 20.4 (31)
0.00115

129.8 (186)
0.00025

� � �

0.7 115.4 (162)
0.00002

� � � �

0.8 106.5 (143)
0.00001

� � � �

Ðåçóëüòàòû äëÿ âòîðîãî êðèòåðèÿ îñòàíîâêè

Ðåçóëüòàòû èçìåðåíèé ïðåäñòàâëåíû â òàáëèöàõ 5�8.
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Òàáëèöà 5. Ðåçóëüòàòû äëÿ N = 10

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 � � � 15.6 (155)
0.00063

7.8 (69)
0.00409

0.4 � � � 8.9 (81)
0.00038

4.6 (40)
0.00317

0.5 � � 8.7 (85)
0.00199

� 16.5 (140)
0.00453

0.6 � � � 8.9 (77)
0.00310

14.3 (117)
0.00082

0.7 � � 8.2 (70)
0.00089

5.6 (49)
0.00431

7.1 (58)
0.00047

0.8 � 19.7 (180)
0.00397

� 5.0 (42)
0.00494

5.5 (44)
0.00357

Òàáëèöà 6. Ðåçóëüòàòû äëÿ N = 25

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 1.1 (7)
0.00277

30.0 (173)
0.00059

� 2.2 (12)
0.00191

30.2 (139)
0.00200

0.4 1.8 (10)
0.00384

� 12.2 (63)
0.00164

6.6 (33)
0.00354

18.5 (82)
0.00224

0.5 � � 12.5 (58)
0.00233

2.3 (11)
0.00196

17.1 (73)
0.00116

0.6 � 30.9 (151)
0.00265

36.7 (175)
0.00146

10.0 (46)
0.00449

5.7 (23)
0.00281

0.7 1.1 (6)
0.00472

� 0.8 (4)
0.00233

3.9 (17)
0.00112

0.3 (2)
0.00371

0.8 � � 10.3 (43)
0.00137

7.7 (32)
0.00379

10.5 (41)
0.00155
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Òàáëèöà 7. Ðåçóëüòàòû äëÿ N = 50

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 3.7 (12)
0.00354

3.4 (9)
0.00075

23.7 (73)
0.00467

4.9 (14)
0.00043

2.1 (6)
0.00029

0.4 3.6 (12)
0.00270

4.2 (13)
0.00061

9.2 (25)
0.00251

18.2 (51)
0.00490

6.6 (16)
0.00063

0.5 4.0 (10)
0.00099

48.8 (141)
0.00324

3.8 (11)
0.00087

14.7 (39)
0.00017

1.2 (3)
0.00115

0.6 1.6 (5)
0.00070

51.6 (139)
0.00217

4.7 (13)
0.00294

2.6 (7)
0.00397

11.5 (27)
0.00053

0.7 � � 2.6 (7)
0.00144

3.5 (9)
0.00182

1.1 (3)
0.00072

0.8 4.1 (11)
0.00240

3.5 (8)
0.00380

2.5 (6)
0.00422

2.7 (7)
0.00126

4.3 (10)
0.00060

Òàáëèöà 8. Ðåçóëüòàòû äëÿ N = 100

Pc \ Pm 0.001 0.010 0.050 0.100 0.200

0.3 9.3 (17)
0.00451

6.0 (11)
0.00344

10.0 (17)
0.00343

5.3 (8)
0.00046

9.8 (14)
0.00412

0.4 5.7 (9)
0.00005

8.4 (14)
0.00108

3.5 (6)
0.00254

4.0 (6)
0.00186

6.5 (9)
0.00283

0.5 3.8 (6)
0.00019

4.9 (8)
0.00103

3.6 (6)
0.00260

11.1 (16)
0.00204

7.5 (10)
0.00374

0.6 � 6.5 (10)
0.00107

3.6 (5)
0.00079

0.9 (2)
0.00324

10.1 (13)
0.00044

0.7 1.7 (3)
0.00106

6.6 (10)
0.00489

4.1 (6)
0.00031

12.4 (16)
0.00240

4.8 (6)
0.00276

0.8 5.0 (7)
0.00387

58.4 (77)
0.00453

7.8 (10)
0.00259

11.2 (13)
0.00210

6.1 (7)
0.00493
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5.2 Àíàëèç ðåçóëüòàòîâ

Îáîñíîâàíèå ïðèìåíåíèÿ äâóõ êðèòåðèåâ îñòàíîâêè

Â èññëåäîâàíèè èñïîëüçîâàëèñü äâà ðàçëè÷íûõ êðèòåðèÿ îñòàíîâêè àëãîðèòìà,
ïîñêîëüêó êðèòåðèé ïî êîëè÷åñòâó ïîêîëåíèé (îòñóòñòâèå óëó÷øåíèÿ â òå÷åíèå 10
ïîêîëåíèé) íå âñåãäà îáåñïå÷èâàë äîñòèæåíèå äîñòàòî÷íî õîðîøèõ çíà÷åíèé ôèòíå-
ñà, îñîáåííî äëÿ ìàëûõ ïîïóëÿöèé. Ýòî äåëàëî íåêîððåêòíûì ñðàâíåíèå ýôôåêòèâ-
íîñòè ðàçëè÷íûõ êîìáèíàöèé ïàðàìåòðîâ òîëüêî ïî âðåìåíè âûïîëíåíèÿ. Ââåäåíèå
âòîðîãî êðèòåðèÿ (äîñòèæåíèå ôèòíåñà 0.005) ïîçâîëèëî ïîëó÷èòü áîëåå îáúåêòèâ-
íóþ îöåíêó ñêîðîñòè íàõîæäåíèè êà÷åñòâåííûõ ðåøåíèé.

Ïåðâûé êðèòåðèé îñòàíîâêè (îòñóòñòâèå óëó÷øåíèÿ â òå÷åíèå
10 ïîêîëåíèé)

Ïðè èñïîëüçîâàíèè ïåðâîãî êðèòåðèÿ îñòàíîâêè íàáëþäàþòñÿ ñëåäóþùèå çàêî-
íîìåðíîñòè:

� Ìàëûå ïîïóëÿöèè (N = 10): Îïòèìàëüíûé áàëàíñ äîñòèãàåòñÿ ïðè óìåðåí-
íûõ çíà÷åíèÿõ ïàðàìåòðîâ. Ëó÷øèé ðåçóëüòàò ïî âðåìåíè ïîêàçûâàåò êîì-
áèíàöèÿ pc = 0.3, pm = 0.1 (1.0 ìñ, 11 ïîêîëåíèé), îäíàêî ëó÷øåå çíà÷åíèå
ôèòíåñà äîñòèãàåòñÿ ïðè pc = 0.6, pm = 0.2 (0.00033). Êà÷åñòâî ðåøåíèé ñóùå-
ñòâåííî âàðüèðóåòñÿ.

� Ñðåäíèå ïîïóëÿöèè (N = 25): Äåìîíñòðèðóþò âûñîêóþ ýôôåêòèâíîñòü
ïðè íèçêèõ çíà÷åíèÿõ ìóòàöèè. Ìèíèìàëüíîå âðåìÿ âûïîëíåíèÿ äîñòèãàåòñÿ
ïðè pc = 0.3, pm = 0.01 (2.2 ìñ, 13 ïîêîëåíèé), à íàèëó÷øèé ôèòíåñ � ïðè
pc = 0.5, pm = 0.05 (0.00024).

� Áîëüøèå ïîïóëÿöèè (N = 50, 100): Õàðàêòåðèçóþòñÿ êðèòè÷åñêîé ÷óâñòâè-
òåëüíîñòüþ ê âûñîêèì çíà÷åíèÿì ìóòàöèè è äåìîíñòðèðóþò çàìåòíîå óëó÷øå-
íèå êà÷åñòâà ôèòíåñà. Äëÿ N = 50 ëó÷øèå ðåçóëüòàòû ïðè pc = 0.4, pm = 0.01
(5.6 ìñ ïî âðåìåíè) è pc = 0.3, pm = 0.01 (ôèòíåñ 0.00003). Äëÿ N = 100 ðàáî-
òàþò òîëüêî êîìáèíàöèè ñ î÷åíü íèçêîé ìóòàöèåé, íî îáåñïå÷èâàþò îòëè÷íîå
êà÷åñòâî (ôèòíåñ äî 0.00001).

� Ïðîáëåìà ñõîäèìîñòè: Ñ óâåëè÷åíèåì ðàçìåðà ïîïóëÿöèè çíà÷èòåëüíî âîç-
ðàñòàåò êîëè÷åñòâî êîìáèíàöèé ïàðàìåòðîâ, íå îáåñïå÷èâàþùèõ ñõîäèìîñòü
çà 200 ïîêîëåíèé, îñîáåííî ïðè pm ≥ 0.05.

Âòîðîé êðèòåðèé îñòàíîâêè (äîñòèæåíèå ôèòíåñà 0.005)

Èñïîëüçîâàíèå ôèêñèðîâàííîãî ïîðîãà ôèòíåñà äåìîíñòðèðóåò ïðèíöèïèàëüíî
èíóþ êàðòèíó è ïîäòâåðæäàåò ïðàâèëüíîñòü ââåäåíèÿ àëüòåðíàòèâíîãî êðèòåðèÿ:
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� Èíâåðñèÿ òðåáîâàíèé ê ìóòàöèè: Â îòëè÷èå îò ïåðâîãî êðèòåðèÿ, çäåñü
ìàëûå ïîïóëÿöèè òðåáóþò áîëåå âûñîêèõ çíà÷åíèé ìóòàöèè äëÿ äîñòèæåíèÿ
öåëåâîãî ôèòíåñà. Äëÿ N = 10 áîëüøèíñòâî êîìáèíàöèé ñ pm ≤ 0.01 âîîáùå íå
äîñòèãàþò ïîðîãà, ÷òî ïîäòâåðæäàåò ïðîáëåìó êà÷åñòâà ïðè ïåðâîì êðèòåðèè.

� Ëó÷øèå ðåçóëüòàòû áîëüøèõ ïîïóëÿöèé: Ïîïóëÿöèè N = 50 è N = 100
ïîêàçûâàþò îòëè÷íûå ðåçóëüòàòû � äîñòèæåíèå âûñîêîãî êà÷åñòâà çà ìèíè-
ìàëüíîå âðåìÿ: N = 50 ïðè pc = 0.7, pm = 0.2 (1.1 ìñ, 3 ïîêîëåíèÿ) è N = 100
ïðè pc = 0.6, pm = 0.1 (0.9 ìñ, 2 ïîêîëåíèÿ).
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6 Îòâåò íà êîíòðîëüíûé âîïðîñ

Âîïðîñ: Îïèøèòå ïîíÿòèå ¾îïòèìèçàöèîííàÿ çàäà÷à¿.

Îòâåò: Îïòèìèçàöèîííàÿ çàäà÷à � ýòî ìàòåìàòè÷åñêàÿ çàäà÷à, â êîòîðîé òðå-
áóåòñÿ íàéòè òàêèå çíà÷åíèÿ ïåðåìåííûõ, ïðè êîòîðûõ íåêîòîðàÿ ôóíêöèÿ, íàçûâà-
åìàÿ öåëåâîé, ïðèíèìàåò íàèáîëüøåå èëè íàèìåíüøåå çíà÷åíèå. Ïðè ýòîì èñêîìûå
çíà÷åíèÿ äîëæíû óäîâëåòâîðÿòü îïðåäåë¼ííûì óñëîâèÿì èëè îãðàíè÷åíèÿì, çàäà-
þùèì äîïóñòèìóþ îáëàñòü ðåøåíèé. Öåëü îïòèìèçàöèè çàêëþ÷àåòñÿ â âûáîðå íàè-
ëó÷øåãî âàðèàíòà ñðåäè ìíîæåñòâà âîçìîæíûõ ñ òî÷êè çðåíèÿ çàäàííîãî êðèòåðèÿ
ýôôåêòèâíîñòè.

Òàêèå çàäà÷è øèðîêî ïðèìåíÿþòñÿ â íàóêå, òåõíèêå, ýêîíîìèêå è óïðàâëåíèè
äëÿ ðàöèîíàëüíîãî ðàñïðåäåëåíèÿ ðåñóðñîâ, ìèíèìèçàöèè çàòðàò èëè ìàêñèìèçàöèè
ïðèáûëè. Â çàâèñèìîñòè îò ôîðìû öåëåâîé ôóíêöèè è îãðàíè÷åíèé îïòèìèçàöèîí-
íûå çàäà÷è ìîãóò áûòü ëèíåéíûìè, íåëèíåéíûìè, äèñêðåòíûìè èëè íåïðåðûâíûìè.
Èõ ðåøåíèå ïîçâîëÿåò ïðèíèìàòü îáîñíîâàííûå ðåøåíèÿ è ïîâûøàòü ýôôåêòèâíîñòü
ðàçëè÷íûõ ïðîöåññîâ è ñèñòåì.
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Çàêëþ÷åíèå

Â õîäå âòîðîé ëàáîðàòîðíîé ðàáîòû áûëà óñïåøíî ðåøåíà çàäà÷à îïòèìèçàöèè
ôóíêöèè Axis parallel hyper-ellipsoid function ñ èñïîëüçîâàíèåì ãåíåòè÷åñêèõ àëãî-
ðèòìîâ:

1. Èçó÷åí òåîðåòè÷åñêèé ìàòåðèàë î real-coded ãåíåòè÷åñêèõ àëãîðèòìàõ è ðàç-
ëè÷íûõ îïåðàòîðàõ êðîññèíãîâåðà è ìóòàöèè;

2. Ñîçäàíà ïðîãðàììíàÿ áèáëèîòåêà íà ÿçûêå Python ñ ðåàëèçàöèåé àðèôìåòè÷å-
ñêîãî è ãåîìåòðè÷åñêîãî êðîññîâåðîâ, ñëó÷àéíîé ìóòàöèè è ñåëåêöèè ìåòîäîì
ðóëåòêè;

3. Ïðîâåäåíî èññëåäîâàíèå âëèÿíèÿ ïàðàìåòðîâ ÃÀ íà ýôôåêòèâíîñòü ïîèñêà
äëÿ ïîïóëÿöèé ðàçìåðîì 10, 25, 50 è 100 îñîáåé;
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Ñïèñîê ëèòåðàòóðûÑïèñîê ëèòåðàòóðû

[1] Ìåòîäè÷åñêèå óêàçàíèÿ ïî âûïîëíåíèþ ëàáîðàòîðíûõ ðàáîò ê êóðñó ¾Ãåíåòè÷å-
ñêèå àëãîðèòìû¿, 119 ñòð.
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