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1 Ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå áûëè ïîñòàâëåíû ñëåäóþùèå çàäà÷è:

� Ðàçðàáîòàòü ýâîëþöèîííûé àëãîðèòì, ðåàëèçóþùèé ÃÏ äëÿ íàõîæäåíèÿ çà-
äàííîé ïî âàðèàíòó ôóíêöèè.

� Ñòðóêòóðà äëÿ ïðåäñòàâëåíèÿ ïðîãðàììû � äðåâîâèäíîå ïðåäñòàâëåíèå.

� Òåðìèíàëüíîå ìíîæåñòâî: ïåðåìåííûå x1, x2, x3, . . . , xn, è êîíñòàíòû â
ñîîòâåòñòâèè ñ çàäàíèåì ïî âàðèàíòó.

� Ôóíêöèîíàëüíîå ìíîæåñòâî: +, −, ∗, /, abs(), sin(), cos(), exp(), âîçâå-
äåíèå â ñòåïåíü.

� Ôèòíåññ-ôóíêöèÿ � ìåðà áëèçîñòè ìåæäó ðåàëüíûìè çíà÷åíèÿìè âûõî-
äà è òðåáóåìûìè.

� Ïðåäñòàâèòü ãðàôè÷åñêè íàéäåííîå ðåøåíèå íà êàæäîé èòåðàöèè.

� Ñðàâíèòü íàéäåííîå ðåøåíèå ñ ïðåäñòàâëåííûì â óñëîâèè çàäà÷è.

Èíäèâèäóàëüíîå çàäàíèå âàðèàíò 18:

Äàíî: Ôóíêöèÿ

f(x) =
n∑

i=1

i∑
j=1

x2
j , ãäå xj ∈ [−5.536, 5.536] äëÿ âñåõ j = 1, . . . , n, à n = 8.
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2 Òåîðåòè÷åñêèå ñâåäåíèÿ

2.1 Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå

Ãåíåòè÷åñêîå ïðîãðàììèðîâàíèå (ÃÏ) � ðàçíîâèäíîñòü ýâîëþöèîííûõ àë-
ãîðèòìîâ, â êîòîðûõ îñîáü ïðåäñòàâëÿåò ñîáîé ïðîãðàììó, àâòîìàòè÷åñêè ñîçäàâà-
åìóþ äëÿ ðåøåíèÿ çàäà÷è. Â îòëè÷èå îò ãåíåòè÷åñêèõ àëãîðèòìîâ ñ ôèêñèðîâàí-
íîé ñòðóêòóðîé õðîìîñîì, â ÃÏ îñîáè èìåþò ïåðåìåííóþ äëèíó, ÷òî òðåáóåò ñïåöè-
àëüíûõ ìåòîäîâ êîäèðîâàíèÿ, èíèöèàëèçàöèè è ãåíåòè÷åñêèõ îïåðàòîðîâ. Êëþ÷åâàÿ
èäåÿ ÃÏ � ïðåäñòàâëåíèå ïðîãðàììû íà âûñîêîì óðîâíå àáñòðàêöèè ñ ó÷¼òîì ñòðóê-
òóðû êîìïüþòåðíûõ ïðîãðàìì.

Îöåíêà ïðîãðàìì âûïîëíÿåòñÿ ñ ïîìîùüþ ôèòíåññ-ôóíêöèè, îòðàæàþùåé ñòå-
ïåíü ñîîòâåòñòâèÿ ðåøåíèÿ òðåáîâàíèÿì çàäà÷è. Îáû÷íî èñïîëüçóþòñÿ ìåòðèêè
îøèáêè: ñðåäíåêâàäðàòè÷íàÿ îøèáêà, àáñîëþòíàÿ îøèáêà èëè äðóãèå ôóíêöèè ðàñ-
ñîãëàñîâàíèÿ ìåæäó âû÷èñëåííûì è îæèäàåìûì çíà÷åíèåì. ×åì íèæå îøèáêà, òåì
âûøå ïðèñïîñîáëåííîñòü îñîáè.

2.2 Òåðìèíàëüíîå è ôóíêöèîíàëüíîå ìíîæåñòâà

Ïðîãðàììû ôîðìèðóþòñÿ èç ïåðåìåííûõ, êîíñòàíò è ôóíêöèé, ñâÿçàííûõ
ñèíòàêñè÷åñêèìè ïðàâèëàìè. Äëÿ èõ îïèñàíèÿ íåîáõîäèìî îïðåäåëèòü äâà áàçîâûõ
ìíîæåñòâà:

� Òåðìèíàëüíîå ìíîæåñòâî, âêëþ÷àþùåå êîíñòàíòû è ïåðåìåííûå.

� Ôóíêöèîíàëüíîå ìíîæåñòâî, ñîñòîÿùåå èç îïåðàòîðîâ è ýëåìåíòàðíûõ
ôóíêöèé, òàêèõ êàê exp(x), sin(x) è äðóãèõ.

2.2.1 Òåðìèíàëüíîå ìíîæåñòâî

Òåðìèíàëüíîå ìíîæåñòâî âêëþ÷àåò:

1. Âíåøíèå âõîäû ïðîãðàììû.

2. Êîíñòàíòû, èñïîëüçóåìûå â ïðîãðàììå.

3. Ôóíêöèè áåç àðãóìåíòîâ.

Òåðìèí ¾òåðìèíàë¿ èñïîëüçóåòñÿ ïîòîìó, ÷òî ýòè ýëåìåíòû ñîîòâåòñòâóþò êîí-
öåâûì (âèñÿ÷èì) óçëàì â äðåâîâèäíûõ ñòðóêòóðàõ è òåðìèíàëàì ôîðìàëüíûõ ãðàì-
ìàòèê. Òåðìèíàë ïðåäîñòàâëÿåò ÷èñëåííîå çíà÷åíèå, íå òðåáóÿ âõîäíûõ àðãóìåíòîâ,
òî åñòü èìååò íóëåâóþ àðíîñòü. Â êëàññè÷åñêîì ÃÏ íà îñíîâå äåðåâüåâ ìíîæåñòâî
÷èñëîâûõ êîíñòàíò âûáèðàåòñÿ äëÿ âñåé ïîïóëÿöèè è îñòàåòñÿ íåèçìåííûì.
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2.2.2 Ôóíêöèîíàëüíîå ìíîæåñòâî

Ôóíêöèîíàëüíîå ìíîæåñòâî ñîñòîèò èç îïåðàòîðîâ è ðàçëè÷íûõ ôóíêöèé. Îíî
ìîæåò áûòü î÷åíü øèðîêèì è âêëþ÷àòü òèïè÷íûå êîíñòðóêöèè ÿçûêîâ ïðîãðàììè-
ðîâàíèÿ, òàêèå êàê:

� Ëîãè÷åñêèå ôóíêöèè: AND, OR, NOT;

� Àðèôìåòè÷åñêèå îïåðàöèè: +, −, ×, ÷;

� Òðàíñöåíäåíòíûå ôóíêöèè: sin, cos, tan, log;

� Îïåðàöèè ïðèñâàèâàíèÿ: a := 2;

� Óñëîâíûå îïåðàòîðû: if-then-else, switch/case;

� Îïåðàòîðû ïåðåõîäîâ: go to, jump, call;

� Îïåðàòîðû öèêëîâ: while, repeat-until, for;

� Ïîäïðîãðàììû è ïîëüçîâàòåëüñêèå ôóíêöèè.

2.3 Âèäû ïðåäñòàâëåíèÿ ïðîãðàìì. Äðåâîâèäíîå

ïðåäñòàâëåíèå

Ñðåäè íàèáîëåå ðàñïðîñòðàí¼ííûõ ñòðóêòóð äëÿ ïðåäñòàâëåíèÿ îñîáåé (ïîòåí-
öèàëüíûõ ðåøåíèé) â ñîâðåìåííîì ãåíåòè÷åñêîì ïðîãðàììèðîâàíèè ìîæíî âûäå-
ëèòü:

1. Äðåâîâèäíîå ïðåäñòàâëåíèå � êëàññè÷åñêèé ïîäõîä, ãäå ïðîãðàììû ïðåä-
ñòàâëÿþòñÿ â âèäå äåðåâüåâ ñ îïåðàòîðàìè â óçëàõ è òåðìèíàëàìè â ëèñòüÿõ

2. Ëèíåéíàÿ ñòðóêòóðà � ïðîãðàììû çàïèñûâàþòñÿ êàê ïîñëåäîâàòåëüíîñòè
èíñòðóêöèé, àíàëîãè÷íî àññåìáëåðíîìó êîäó

3. Ãðàôîïîäîáíàÿ ñòðóêòóðà � ðàñøèðåííîå ïðåäñòàâëåíèå, äîïóñêàþùåå
ìíîæåñòâåííûå ñâÿçè è ïåðåèñïîëüçîâàíèå êîìïîíåíòîâ

Äðåâîâèäíàÿ ôîðìà ïðåäñòàâëåíèÿ ÿâëÿåòñÿ êëàññè÷åñêîé äëÿ ÃÏ. Ïðîãðàììà
ïðåäñòàâëÿåòñÿ â âèäå äåðåâà, ãäå âíóòðåííèå óçëû � ýòî ôóíêöèè èç ôóíêöèîíàëü-
íîãî ìíîæåñòâà, à ëèñòüÿ (òåðìèíàëüíûå óçëû) � ýòî ïåðåìåííûå è êîíñòàíòû èç
òåðìèíàëüíîãî ìíîæåñòâà. Òàêàÿ ñòðóêòóðà ïîçâîëÿåò ãèáêî ðàáîòàòü ñ âûðàæåíè-
ÿìè ðàçëè÷íîé äëèíû è ñëîæíîñòè

2.4 Èíèöèàëèçàöèÿ äðåâîâèäíûõ ñòðóêòóð

Ñëîæíîñòü äðåâîâèäíûõ ñòðóêòóð îöåíèâàåòñÿ ÷åðåç ìàêñèìàëüíóþ ãëóáèíó äå-
ðåâà Dm èëè îáùåå êîëè÷åñòâî óçëîâ. Ïðîöåññ èíèöèàëèçàöèè äðåâîâèäíûõ ñòðóê-
òóð îñíîâàí íà ñëó÷àéíîì âûáîðå ôóíêöèîíàëüíûõ è òåðìèíàëüíûõ ñèìâîëîâ ïðè
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çàäàííîì îãðàíè÷åíèè ìàêñèìàëüíîé ãëóáèíû. Ðàññìîòðèì ïðèìåð ñ òåðìèíàëüíûì
ìíîæåñòâîì:

Ñóùåñòâóþò äâà îñíîâíûõ ìåòîäà èíèöèàëèçàöèè:

Ïîëíûé ìåòîä (full)

Íà âñåõ óðîâíÿõ, êðîìå ïîñëåäíåãî, âûáèðàþòñÿ òîëüêî ôóíêöèîíàëüíûå ñèì-
âîëû. Òåðìèíàëüíûå ñèìâîëû ðàçìåùàþòñÿ èñêëþ÷èòåëüíî íà óðîâíå ìàêñèìàëü-
íîé ãëóáèíû Dm. Ýòî ãàðàíòèðóåò ñîçäàíèå ñáàëàíñèðîâàííûõ äåðåâüåâ ðåãóëÿðíîé
ñòðóêòóðû.

Ðàñòóùèé ìåòîä (grow)

Íà êàæäîì øàãå ñëó÷àéíûì îáðàçîì âûáèðàåòñÿ ëèáî ôóíêöèîíàëüíûé, ëèáî
òåðìèíàëüíûé ñèìâîë. Âûáîð òåðìèíàëà ïðåêðàùàåò ðîñò âåòâè, ÷òî ïðèâîäèò ê
ôîðìèðîâàíèþ íåðåãóëÿðíûõ äåðåâüåâ ñ ðàçëè÷íîé ãëóáèíîé ëèñòüåâ.

2.5 Îïåðàòîð êðîññèíãîâåðà íà äðåâîâèäíûõ ñòðóê-

òóðàõ

Äëÿ äðåâîâèäíîé ôîðìû ïðåäñòàâëåíèÿ ïðîãðàìì â ãåíåòè÷åñêîì ïðîãðàììè-
ðîâàíèè ïðèìåíÿþòñÿ òðè îñíîâíûõ òèïà îïåðàòîðîâ êðîññèíãîâåðà:

a) Óçëîâîé ÎÊ

b) Êðîññèíãîâåð ïîääåðåâüåâ

c) Ñìåøàííûé

2.5.1 Óçëîâîé îïåðàòîð êðîññèíãîâåðà

Â óçëîâîì îïåðàòîðå êðîññèíãîâåðà âûáèðàþòñÿ äâà ðîäèòåëÿ (äâà äåðåâà) è
âíóòðè íèõ � óçëû. Ïåðâûé ðîäèòåëü íàçûâàåòñÿ äîìèíàíòîì, âòîðîé � ðåöåññè-
âîì. Óçëû ìîãóò ðàçëè÷àòüñÿ ïî òèïó, ïîýòîìó ñíà÷àëà íåîáõîäèìî ïðîâåðèòü, ÷òî
âûáðàííûå óçëû âçàèìîçàìåíÿåìû. Åñëè òèïû íå ñîâïàäàþò, âûáèðàåòñÿ äðóãîé óçåë
âî âòîðîì ðîäèòåëå, è ïðîâåðêà ïîâòîðÿåòñÿ. Ïîñëå ýòîãî îñóùåñòâëÿåòñÿ îáìåí âû-
áðàííûõ óçëîâ ìåæäó äåðåâüÿìè.

2.5.2 Êðîññèíãîâåð ïîääåðåâüåâ

Â êðîññèíãîâåðå ïîääåðåâüåâ íå ïðîèñõîäèò îáìåí îòäåëüíûìè óçëàìè, à îïðå-
äåëÿåòñÿ îáìåí ïîääåðåâüÿìè. Îí îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì:
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1. Âûáèðàþòñÿ äâà ðîäèòåëÿ (îäèí � äîìèíàíòíûé, äðóãîé � ðåöåññèâíûé).
Íåîáõîäèìî óáåäèòüñÿ, ÷òî âûáðàííûå óçëû âçàèìîçàìåíÿåìû, òî åñòü ïðè-
íàäëåæàò îäíîìó òèïó. Â ïðîòèâíîì ñëó÷àå âûáèðàåòñÿ äðóãîé óçåë â ðåöåñ-
ñèâíîì äåðåâå.

2. Ïðîèçâîäèòñÿ îáìåí ñîîòâåòñòâóþùèìè ïîääåðåâüÿìè.

3. Äàëåå âû÷èñëÿåòñÿ ïðåäïîëàãàåìûé ðàçìåð ïîòîìêîâ. Åñëè îí íå ïðåâûøàåò
óñòàíîâëåííûé ïîðîã, òî îáìåí âåòâÿìè çàïîìèíàåòñÿ.

Ïðè ñìåøàííîì îïåðàòîðå êðîññèíãîâåðà äëÿ íåêîòîðûõ óçëîâ âûïîëíÿåòñÿ óç-
ëîâîé ÎÊ, à äëÿ äðóãèõ - êðîññèíãîâåð ïîääåðåâüåâ. Â öåëîì ÎÊ âûïîëíÿåòñÿ ñëå-
äóþùèì îáðàçîì:

1. Âûáîð òî÷åê ñêðåùèâàíèÿ P1, P2 â îáîèõ ðîäèòåëÿõ

2. Âûáîð òèïà êðîññèíãîâåðà ñ çàäàííîé âåðîÿòíîñòüþ:

� Ïåðâûé òèï (îáìåí ïîäãðàôàìè) ñ âåðîÿòíîñòüþ PG

� Âòîðîé òèï (ëèíåéíûé îáìåí) ñ âåðîÿòíîñòüþ 1− PG

3. Åñëè âûáðàí ïåðâûé òèï è ðàçìåð ïîòîìêà íå ïðåâûøàåò ïîðîã, âûïîëíÿåòñÿ
êðîññèíãîâåð ïîäãðàôàìè

4. Åñëè âûáðàí âòîðîé òèï è ðàçìåð ïîòîìêà íå ïðåâûøàåò ïîðîã, âûïîëíÿåòñÿ
ëèíåéíûé êðîññèíãîâåð

2.6 Ìóòàöèîííûå îïåðàòîðû äëÿ äðåâîâèäíûõ ñòðóê-

òóð

Â êîíòåêñòå äðåâîâèäíîãî ïðåäñòàâëåíèÿ ïðîãðàìì ïðèìåíÿþòñÿ ñëåäóþùèå ìó-
òàöèîííûå îïåðàòîðû:

a) Ìóòàöèÿ óçëîâ (óçëîâàÿ)

b) Ìóòàöèÿ ñ óñå÷åíèåì (óñåêàþùàÿ)

c) Ìóòàöèÿ ñ ðîñòîì (ðàñòóùàÿ)

d) Hoist-ìóòàöèÿ

Ïðîöåäóðà óçëîâîé ìóòàöèè âêëþ÷àåò ñëåäóþùèå øàãè:

1. Ñëó÷àéíûé âûáîð öåëåâîãî óçëà â äåðåâå ïðîãðàììû è èäåíòèôèêàöèÿ åãî
òèïà

2. Ñëó÷àéíûé âûáîð çàìåíÿþùåãî óçëà òîãî æå òèïà èç ñîîòâåòñòâóþùåãî ìíî-
æåñòâà (ôóíêöèîíàëüíîãî èëè òåðìèíàëüíîãî)
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3. Çàìåíà èñõîäíîãî óçëà íà âûáðàííûé âàðèàíò

Àëãîðèòì óñåêàþùåé ìóòàöèè ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

1. Âûáîð óçëà, êîòîðûé áóäåò ïîäâåðãíóò ìóòàöèè

2. Ñëó÷àéíûé âûáîð òåðìèíàëüíîãî ñèìâîëà èç äîïóñòèìîãî ìíîæåñòâà

3. Óäàëåíèå ïîääåðåâà, êîðíåì êîòîðîãî ÿâëÿåòñÿ âûáðàííûé óçåë

4. Çàìåíà óäàëåííîãî ïîääåðåâà òåðìèíàëüíûì ñèìâîëîì

Àëãîðèòì ðàñòóùåé ìóòàöèè ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

1. Îïðåäåëåíèå óçëà, ïîäâåðãàåìîãî ìóòàöèè

2. Åñëè óçåë ÿâëÿåòñÿ òåðìèíàëüíûì, âûáèðàåòñÿ äðóãîé óçåë; äëÿ íåòåðìèíàëü-
íîãî óçëà ïðîèçâîäèòñÿ óäàëåíèå âñåõ èñõîäÿùèõ âåòâåé

3. Âû÷èñëåíèå ðàçìåðà è ñëîæíîñòè îñòàâøåéñÿ ÷àñòè äåðåâà

4. Ãåíåðàöèÿ íîâîãî ñëó÷àéíîãî ïîääåðåâà, ðàçìåð êîòîðîãî íå ïðåâûøàåò çàäàí-
íîãî ïîðîãîâîãî çíà÷åíèÿ, è åãî ðàçìåùåíèå âìåñòî óäàë¼ííîé ÷àñòè

Àëãîðèòì Hoist-ìóòàöèè ïðåäíàçíà÷åí äëÿ áîðüáû ñ èçáûòî÷íûì ðîñòîì äå-
ðåâüåâ (bloat) è ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

1. Ñëó÷àéíûé âûáîð ïîääåðåâà ñ ôóíêöèîíàëüíûì óçëîì â êîðíå

2. Âûáîð ñëó÷àéíîãî óçëà âíóòðè ýòîãî ïîääåðåâà (èñêëþ÷àÿ êîðåíü âûáðàííîãî
ïîääåðåâà)

3. Çàìåíà èñõîäíîãî ïîääåðåâà íà ïîääåðåâî, íà÷èíàþùååñÿ ñ âûáðàííîãî âíóò-
ðåííåãî óçëà

4. Â ðåçóëüòàòå äåðåâî ñòàíîâèòñÿ êîðî÷å, ñîõðàíÿÿ ïðè ýòîì ÷àñòü èñõîäíîé
ñòðóêòóðû

Äàííàÿ ìóòàöèÿ âñåãäà óìåíüøàåò ðàçìåð äåðåâà, ÷òî ïîìîãàåò êîíòðîëèðîâàòü
ñëîæíîñòü ïðîãðàìì è ïðåäîòâðàùàåò íåêîíòðîëèðóåìûé ðîñò äåðåâüåâ â ïðîöåññå
ýâîëþöèè.

Êîìáèíèðîâàííàÿ ìóòàöèÿ. Â ðåàëèçîâàííîì àëãîðèòìå èñïîëüçóåòñÿ ñòðà-
òåãèÿ êîìáèíèðîâàííîé ìóòàöèè, êîòîðàÿ íà êàæäîì øàãå ñëó÷àéíî âûáèðàåò îäèí
èç ÷åòûð¼õ îïèñàííûõ îïåðàòîðîâ ñ çàäàííûìè âåðîÿòíîñòÿìè:

� Ðàñòóùàÿ ìóòàöèÿ: p = 0.40

� Óçëîâàÿ ìóòàöèÿ: p = 0.30

� Hoist-ìóòàöèÿ: p = 0.15

� Óñåêàþùàÿ ìóòàöèÿ: p = 0.15

Òàêîé ïîäõîä îáåñïå÷èâàåò áàëàíñ ìåæäó óâåëè÷åíèåì ðàçíîîáðàçèÿ ïîïóëÿöèè
(ðàñòóùàÿ ìóòàöèÿ), ëîêàëüíûìè èçìåíåíèÿìè (óçëîâàÿ ìóòàöèÿ) è êîíòðîëåì ðàç-
ìåðà äåðåâüåâ (Hoist-ìóòàöèÿ è óñåêàþùàÿ ìóòàöèÿ).
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2.7 Ôèòíåñ-ôóíêöèè â ãåíåòè÷åñêîì ïðîãðàììèðî-

âàíèè

Â îòëè÷èå îò ãåíåòè÷åñêèõ àëãîðèòìîâ, ãäå ôèòíåñ-ôóíêöèÿ ÷àñòî ñîâïàäàåò
ñ èñõîäíîé öåëåâîé ôóíêöèåé, â ãåíåòè÷åñêîì ïðîãðàììèðîâàíèè ôèòíåñ-ôóíêöèÿ
îáû÷íî èçìåðÿåò ñòåïåíü ñîîòâåòñòâèÿ ìåæäó ôàêòè÷åñêèìè âûõîäíûìè çíà÷åíè-
ÿìè yi è öåëåâûìè çíà÷åíèÿìè di. Â êà÷åñòâå ôèòíåñ-ôóíêöèé ÷àñòî èñïîëüçóþòñÿ
ìåòðèêè îøèáîê, òàêèå êàê àáñîëþòíîå îòêëîíåíèå èëè ñðåäíåêâàäðàòè÷íàÿ îøèáêà.
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3 Îñîáåííîñòè ðåàëèçàöèè

Â ðàìêàõ ðàáîòû ñîçäàíà áèáëèîòåêà gp äëÿ ãåíåòè÷åñêîãî ïðîãðàììèðîâàíèÿ
ñ äðåâîâèäíûì ïðåäñòàâëåíèåì ïðîãðàìì. Ðåàëèçàöèÿ âûïîëíåíà íà ÿçûêå Python
ñ èñïîëüçîâàíèåì NumPy äëÿ âåêòîðèçîâàííûõ âû÷èñëåíèé.

3.1 Ïðèìèòèâû è îïåðàöèè (primitive.py, ops.py)

Áàçîâûé êëàññ Primitive ïðåäñòàâëÿåò àòîìàðíûå ýëåìåíòû äåðåâà ïðîãðàììû:

1 @dataclass(frozen=True)
2 class Primitive:
3 name: str
4 arity: int # àðíîñòü: 0 äëÿ òåðìèíàëîâ, >0 äëÿ îïåðàöèé
5 operation_fn: OperationFn | None

Ðåàëèçîâàíû êîíñòðóêòîðû äëÿ ñîçäàíèÿ òåðìèíàëîâ è îïåðàöèé: Var(name:
str), Const(name: str, val: Value), Operation(name: str, arity: int, fn).

Ìîäóëü ops.py ñîäåðæèò íàáîð áåçîïàñíûõ âåêòîðèçîâàííûõ îïåðàöèé. Ôóíê-
öèÿ make_safe îáîðà÷èâàåò îïåðàöèè äëÿ îáðàáîòêè íåêîððåêòíûõ çíà÷åíèé:

1 def make_safe(fn: Callable) => Callable:
2 def wrapped(args: Sequence[Value]) => Value:
3 with np.errstate(over="ignore", invalid="ignore",
4 divide="ignore", under="ignore"):
5 res = fn(args)
6 res = np.nan_to_num(res, nan=0.0, posinf=1e6, neginf==1e6)
7 return np.clip(res, =1e6, 1e6)
8 return wrapped

Ðåàëèçîâàíû óíàðíûå îïåðàöèè (NEG, SIN, COS, SQUARE, EXP) è áèíàðíûå
(ADD, SUB, MUL, DIV, POW). Äëÿ äåëåíèÿ èñïîëüçóåòñÿ çàùèòà îò äåëåíèÿ íà íîëü,
äëÿ âîçâåäåíèÿ â ñòåïåíü � îãðàíè÷åíèå ïîêàçàòåëÿ.

3.2 Óçëû äåðåâà (node.py)

Êëàññ Node ïðåäñòàâëÿåò óçåë äåðåâà ïðîãðàììû:

1 class Node:
2 value: Primitive
3 parent: Node | None
4 children: list[Node]

Ðåàëèçîâàíû ìåòîäû äëÿ ìàíèïóëÿöèé ñ äåðåâîì: add_child, replace_child,
copy_subtree. Ìåòîä list_nodes âîçâðàùàåò ñïèñîê âñåõ óçëîâ ïîääåðåâà (îáõîä â
ãëóáèíó). Äëÿ êîíòðîëÿ ðàçìåðà ðåàëèçîâàí ìåòîä prune, êîòîðûé óñåêàåò äåðåâî
äî çàäàííîé ãëóáèíû, çàìåíÿÿ îïåðàöèè íà ñëó÷àéíûå òåðìèíàëû.

Âû÷èñëåíèå ïðîãðàììû âûïîëíÿåòñÿ ìåòîäîì eval, êîòîðûé ðåêóðñèâíî âû÷èñ-
ëÿåò çíà÷åíèÿ ïîääåðåâüåâ è ïðèìåíÿåò îïåðàöèþ óçëà:

1 def eval(self, context: Context) => Value:
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2 return self.value.eval(
3 [child.eval(context) for child in self.children],
4 context
5 )

Äëÿ êðîññîâåðà ðåàëèçîâàíà ôóíêöèÿ swap_subtrees(a: Node, b: Node), êî-
òîðàÿ îáìåíèâàåò äâà ïîääåðåâà, êîððåêòíî îáíîâëÿÿ ññûëêè íà ðîäèòåëåé.

3.3 Õðîìîñîìû (chromosome.py)

Êëàññ Chromosome èíêàïñóëèðóåò äåðåâî ïðîãðàììû âìåñòå ñ ìíîæåñòâàìè òåð-
ìèíàëîâ è îïåðàöèé:

1 class Chromosome:
2 terminals: Sequence[Primitive]
3 operations: Sequence[Primitive]
4 root: Node

Ðåàëèçîâàíû äâà ìåòîäà èíèöèàëèçàöèè ñëó÷àéíûõ äåðåâüåâ:

� full_init(terminals, operations, max_depth) � ïîëíàÿ èíèöèàëèçàöèÿ,
ãäå íà êàæäîì óðîâíå äî ìàêñèìàëüíîé ãëóáèíû âûáèðàþòñÿ òîëüêî îïåðà-
öèè, à íà ïîñëåäíåì � òîëüêî òåðìèíàëû.

� grow_init(terminals, operations, max_depth, terminal_probability) � ðàñ-
òóùàÿ èíèöèàëèçàöèÿ ñ âåðîÿòíîñòíûì âûáîðîì òåðìèíàëîâ íà êàæäîì
óðîâíå, ÷òî ñîçäà¼ò äåðåâüÿ ðàçëè÷íîé ôîðìû.

Êîìáèíàöèÿ ýòèõ ìåòîäîâ (ramped half-and-half ) ðåàëèçîâàíà â ôóíêöèè ramped_initialization,
êîòîðàÿ ñîçäà¼ò íà÷àëüíóþ ïîïóëÿöèþ èç äåðåâüåâ ðàçëè÷íûõ ãëóáèí, èñïîëüçóÿ îáà
ìåòîäà ïîðîâíó.

3.4 Êðîññîâåð (crossovers.py)

Ðåàëèçîâàí îïåðàòîð êðîññîâåðà ïîääåðåâüåâ:

1 def crossover_subtree(parent1: Chromosome, parent2: Chromosome,
2 max_depth: int) => tuple[Chromosome, Chromosome]:

Àëãîðèòì âûáèðàåò ñëó÷àéíûå óçëû â êàæäîì ðîäèòåëå (êðîìå êîðíÿ) è îáìå-
íèâàåò ñîîòâåòñòâóþùèå ïîääåðåâüÿ. Åñëè ãëóáèíà ïîòîìêîâ ïðåâûøàåò max_depth,
äåðåâüÿ óñåêàþòñÿ ìåòîäîì prune.

3.5 Ìóòàöèè (mutations.py)

Âñå ìóòàöèè íàñëåäóþòñÿ îò áàçîâîãî êëàññà BaseMutation ñ ìåòîäîì mutate.
Ðåàëèçîâàíû ÷åòûðå òèïà ìóòàöèé:

� NodeReplacementMutation � çàìåíÿåò óçåë íà äðóãîé òîé æå àðíîñòè
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� ShrinkMutation � çàìåíÿåò ñëó÷àéíóþ îïåðàöèþ íà òåðìèíàë (óñå÷åíèå)

� GrowMutation � çàìåíÿåò óçåë íà ñëó÷àéíîå ïîääåðåâî ñ êîíòðîëåì ãëóáèíû

� HoistMutation � çàìåíÿåò ïîääåðåâî íà åãî ñëó÷àéíóþ âíóòðåííþþ ÷àñòü
(óìåíüøàåò ðàçìåð)

Êëàññ CombinedMutation ïîçâîëÿåò êîìáèíèðîâàòü ìóòàöèè ñ çàäàííûìè âåðî-
ÿòíîñòÿìè, ñëó÷àéíî âûáèðàÿ îäíó èç íèõ íà êàæäîì øàãå.

3.6 Ôèòíåñ-ôóíêöèè (�tness.py)

Áàçîâûé êëàññ BaseFitness îïðåäåëÿåò èíòåðôåéñ äëÿ âû÷èñëåíèÿ îøèáêè:

1 class BaseFitness(ABC):
2 def __call__(self, chromosome: Chromosome) => �oat:
3 test_points = self.test_points_fn()
4 context = {t: test_points[:, i]
5 for i, t in enumerate(chromosome.terminals)}
6 predicted = chromosome.root.eval(context)
7 true_values = self.target_function(test_points)
8 return self.�tness_fn(chromosome, predicted, true_values)

Ðåàëèçîâàíû ìåòðèêè îøèáîê: MSEFitness (ñðåäíåêâàäðàòè÷íàÿ), RMSEFitness
(êîðåíü èç MSE), MAEFitness (ñðåäíÿÿ àáñîëþòíàÿ), NRMSEFitness (íîðìàëèçîâàí-
íàÿ RMSE). Êëàññ PenalizedFitness äîáàâëÿåò øòðàô çà ðàçìåð è ãëóáèíó äåðåâà
äëÿ áîðüáû ñ bloat.

3.7 Ñåëåêöèÿ (selection.py)

Ðåàëèçîâàíû òðè ìåòîäà ñåëåêöèè:

� roulette_selection � ñåëåêöèÿ ðóëåòêîé ñî ñäâèãîì äëÿ îáðàáîòêè îòðèöà-
òåëüíûõ çíà÷åíèé

� tournament_selection(k) � òóðíèðíàÿ ñåëåêöèÿ ðàçìåðà k

� stochastic_tournament_selection(k, p_best) � ñòîõàñòè÷åñêàÿ òóðíèðíàÿ ñ
âåðîÿòíîñòüþ âûáîðà ëó÷øåãî

Äëÿ ìèíèìèçàöèè ôèòíåñ-ôóíêöèè èñïîëüçóåòñÿ èíâåðñèÿ çíàêà ïðè ïåðåäà÷å
ôèòíåñîâ â ñåëåêöèþ.

3.8 Ãåíåòè÷åñêèé àëãîðèòì (ga.py)

Îñíîâíàÿ ôóíêöèÿ genetic_algorithm(config: GARunConfig) ðåàëèçóåò êëàñ-
ñè÷åñêèé öèêë ÃÀ:
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1. Âû÷èñëåíèå ôèòíåñà: eval_population(population, fitness_func)

2. Ñîõðàíåíèå ýëèòû (åñëè config.elitism > 0)

3. Ñåëåêöèÿ ðîäèòåëåé: config.selection_fn(population, fitnesses)

4. Êðîññîâåð ñ âåðîÿòíîñòüþ pc: ïîïàðíûé îáìåí ïîääåðåâüÿìè

5. Ìóòàöèÿ ñ âåðîÿòíîñòüþ pm

6. Çàìåùåíèå ïîïóëÿöèè ñ âîññòàíîâëåíèåì ýëèòû

Ïîääåðæèâàþòñÿ êðèòåðèè îñòàíîâêè: ïî ÷èñëó ïîêîëåíèé, ïîâòîðåíèþ ëó÷øåãî
ðåçóëüòàòà, äîñòèæåíèþ ïîðîãîâîãî çíà÷åíèÿ. Èñòîðèÿ ïîêîëåíèé ñîõðàíÿåòñÿ â âèäå
ñïèñêà îáúåêòîâ Generation.

Ôóíêöèÿ save_generation èñïîëüçóåò áèáëèîòåêó Graphviz äëÿ âèçóàëèçàöèè
ëó÷øåãî äåðåâà ïîêîëåíèÿ. Ôóíêöèÿ plot_fitness_history ñòðîèò ãðàôèêè äèíà-
ìèêè ëó÷øèõ è ñðåäíèõ çíà÷åíèé ôèòíåñà ïî ïîêîëåíèÿì è ñîõðàíÿåò èõ îòäåëüíî
â fitness_best.png è fitness_avg.png.

13



4 Ðåçóëüòàòû ðàáîòû

Íà Ðèñ. 3�11 ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû ãåíåòè÷åñêîãî àëãîðèòìà ñî ñëå-
äóþùèìè ïàðàìåòðàìè:

� N = 400 � ðàçìåð ïîïóëÿöèè.

� 10 � ìàêñèìàëüíàÿ ãëóáèíà äåðåâà.

� pc = 0.85 � âåðîÿòíîñòü êðîññèíãîâåðà ïîääåðåâüåâ.

� pm = 0.15 � âåðîÿòíîñòü ìóòàöèè, ïðè ýòîì èñïîëüçîâàëàñü êîìáèíàöèÿ ðàç-
ëè÷íûõ âàðèàíòîâ:

� Ðàñòóùàÿ ìóòàöèÿ: p = 0.40

� Óçëîâàÿ ìóòàöèÿ: p = 0.30

� Hoist-ìóòàöèÿ: p = 0.15

� Óñåêàþùàÿ ìóòàöèÿ: p = 0.15

� 200 � ìàêñèìàëüíîå êîëè÷åñòâî ïîêîëåíèé.

� 15 � êîëè÷åñòâî "ýëèòíûõ"îñîáåé, ïåðåíîñèìûõ áåç èçìåíåíèÿ â ñëåäóþùåå
ïîêîëåíèå.

� 3 � ðàçìåð òóðíèðà äëÿ ñåëåêöèè.

Íà Ðèñ. 1 è Ðèñ. 2 ïîêàçàíû ãðàôèêè èçìåíåíèÿ ñðåäíåãî è ëó÷øåãî çíà÷åíèÿ
ôèòíåñà ïî ïîêîëåíèÿì.

Ðèñ. 1. Ãðàôèê ñðåäíåãî çíà÷åíèÿ ôèòíåñà ïî ïîêîëåíèÿì
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Ðèñ. 2. Ãðàôèê ëó÷øåãî çíà÷åíèÿ ôèòíåñà ïî ïîêîëåíèÿì

Ðèñ. 3. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �1
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Ðèñ. 4. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �10

Ðèñ. 5. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �20
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Ðèñ. 6. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �30

Ðèñ. 7. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �40
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Ðèñ. 8. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �50

Ðèñ. 9. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �100
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Ðèñ. 10. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �150

Ðèñ. 11. Ëó÷øàÿ îñîáü ïîêîëåíèÿ �200
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4.1 Àíàëèç ðåçóëüòàòîâ

Ñðàâíåíèå ïîëó÷åííûõ äåðåâüåâ

Íà Ðèñ. 12 ïðåäñòàâëåíî èñõîäíîå äåðåâî, íà Ðèñ. 13 ïðåäñòàâëåíî ëó÷øåå äåðå-
âî, íàéäåííîå àëãîðèòìîì.

Ðèñ. 12. Äåðåâî öåëåâîé ôóíêöèè

Ðèñ. 13. Ëó÷øàÿ îñîáü, íàéäåííàÿ àëãîðèòìîì
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Ñðàâíåíèå ïîëó÷åííûõ ôîðìóë

Ïåðåä ñðàâíåíèåì, óïðîñòèì èñõîäíóþ ôîðìóëó, ðàñêðûâ çíàêè ñóììèðîâàíèÿ
è ïåðåãðóïïèðîâàâ ñëàãàåìûå.

f(x) =
n∑

i=1

i∑
j=1

x2
j , äëÿ âñåõ j = 1, . . . , n, ïðè ýòîì n = 8.

f(x) = (x2
1) + (x2

1 + x2
2) + . . .+ (x2

1 + x2
2 + x2

3 + x2
4 + x2

5 + x2
6 + x2

7 + x2
8)︸ ︷︷ ︸

âñåãî n=8 ñëàãàåìûõ

f(x) = 8x2
1 + 7x2

2 + 6x2
3 + 5x2

4 + 4x2
5 + 3x2

6 + 2x2
7 + x2

8

Â ïðîãðàììå ðåàëèçîâàí ìåòîä ïðåîáðàçîâàíèÿ îñîáè (äåðåâå) â ñòðîêîâóþ ôîð-
ìóëó. Âûâîä ïðîãðàììû äëÿ ëó÷øåé îñîáè ïðåäñòàâëåí íèæå:

1 (((((pow2(x3) + ((pow2(x1) + pow2(x2)) + pow2(x1))) + pow2(x6)) +
2 ((pow2(x2) + pow2(x2)) + ((sin(((x6 + x2) + sin(x6))) + ((pow2(x4) +
3 pow2(x2)) + pow2(x4))) + (((pow2(x3) + pow2(x4)) + pow2(x7)) + (pow2(x6) +
4 pow2(x4)))))) + (((pow2(x2) + ((pow2(x8) + pow2((x5 + x5))) + pow2(x3))) +
5 pow2(x1)) + (pow2(x6) + pow2(x4)))) + (((((pow2(x3) + pow2(x3))
6 + ((pow2(x7) + pow2(x2)) + pow2(x1))) + pow2(x1)) + (pow2(x2) + ((pow2(x3) +
7 pow2(x1)) + pow2(x1)))) + (sin(x2) + pow2(x1))))

Ïðîãðàììíûé ìåòîä àâòîìàòè÷åñêè îáðàìëÿåò ôóíêöèè è ïåðåìåííûå â ñêîáêè,
÷òîáû ïðàâèëüíî ðàññòàâèòü ïðèîðèòåòû îïåðàöèé. Îäíàêî â äàííîì ñëó÷àå îíè
èçáûòî÷íû, ïîýòîìó èõ ìîæíî óáðàòü:

1 pow2(x3) + pow2(x1) + pow2(x2) + pow2(x1) + pow2(x6) + pow2(x2) + pow2(x2) +
2 sin(x6 + x2) + sin(x6) + pow2(x4) + pow2(x2) + pow2(x4) + pow2(x3) + pow2(x4) +
3 pow2(x7) + pow2(x6) + pow2(x4) + pow2(x2) + pow2(x8) + pow2(x5 + x5) + pow2(x3) +
4 pow2(x1) + pow2(x6) + pow2(x4) + pow2(x3) + pow2(x3) + pow2(x7) + pow2(x2) + pow2(x1) +
5 pow2(x1) + pow2(x2) + pow2(x3) + pow2(x1) + pow2(x1) + sin(x2) + pow2(x1)

Ïåðåñòàâèì ñëàãàåìûå:

1 pow2(x1) + pow2(x1) + pow2(x1) + pow2(x1) + pow2(x1) + pow2(x1) + pow2(x1) + pow2(x1) +
2 pow2(x2) + pow2(x2) + pow2(x2) + pow2(x2) + pow2(x2) + pow2(x2) + pow2(x2) +
3 pow2(x3) + pow2(x3) + pow2(x3) + pow2(x3) + pow2(x3) + pow2(x3) +
4 pow2(x4) + pow2(x4) + pow2(x4) + pow2(x4) + pow2(x4) +
5 pow2(x5 + x5) +
6 pow2(x6) + pow2(x6) + pow2(x6) +
7 pow2(x7) + pow2(x7) +
8 pow2(x8) +
9 sin(x6 + x2) + sin(x6) + sin(x2)

Çàìåòèì, ÷òî (x5 + x5)
2 = (2x5)

2 = 4x2
5, à òàêæå ñãðóïïèðóåì ñëàãàåìûå, ÷òîáû

ïîëó÷èòü ôèíàëüíûé âèä ôîðìóëû, íàéäåííîé àëãîðèòìîì:

f̂(x) = 8x2
1 + 7x2

2 + 6x2
3 + 5x2

4 + 4x2
5 + 3x2

6 + 2x2
7 + x2

8 + sin(x6 + x2) + sin(x6) + sin(x2)

Íàéäåííàÿ ôîðìóëà ïîëíîñòüþ âêëþ÷àåò â ñåáÿ öåëåâóþ è ñîäåðæèò ëèøü
íåñêîëüêî ëèøíèõ ñëàãàåìûõ.
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5 Îòâåò íà êîíòðîëüíûé âîïðîñ

Âîïðîñ: Îïèøèòå äðåâîâèäíîå ïðåäñòàâëåíèå.

Îòâåò:

Äðåâîâèäíîå ïðåäñòàâëåíèå � êëàññè÷åñêèé ïîäõîä â ãåíåòè÷åñêîì ïðîãðàì-
ìèðîâàíèè, ãäå ïðîãðàììû ïðåäñòàâëÿþòñÿ â âèäå ñèíòàêñè÷åñêèõ äåðåâüåâ. Âíóò-
ðåííèå óçëû ñîäåðæàò ôóíêöèè èç ôóíêöèîíàëüíîãî ìíîæåñòâà (àðèôìåòè÷åñêèå
îïåðàöèè, ìàòåìàòè÷åñêèå ôóíêöèè), à ëèñòüÿ � òåðìèíàëû èç òåðìèíàëüíîãî ìíî-
æåñòâà (ïåðåìåííûå è êîíñòàíòû). Âû÷èñëåíèå ïðîèñõîäèò ðåêóðñèâíî îò ëèñòüåâ ê
êîðíþ. Ñëîæíîñòü äåðåâà îöåíèâàåòñÿ ÷åðåç ìàêñèìàëüíóþ ãëóáèíó Dm (ðàññòîÿíèå
îò êîðíÿ äî ñàìîãî äàëüíåãî ëèñòà) èëè îáùåå êîëè÷åñòâî óçëîâ.

Îñíîâíûå ïðåèìóùåñòâà: åñòåñòâåííîå îòîáðàæåíèå ñèíòàêñè÷åñêîé ñòðóêòóðû
ìàòåìàòè÷åñêèõ âûðàæåíèé, ãèáêîñòü â ðàáîòå ñ âûðàæåíèÿìè ðàçëè÷íîé äëèíû è
ñëîæíîñòè, ïðîñòîòà ðåàëèçàöèè ãåíåòè÷åñêèõ îïåðàòîðîâ (êðîññîâåð ïîääåðåâüåâ,
óçëîâàÿ ìóòàöèÿ, ðàñòóùàÿ è óñåêàþùàÿ ìóòàöèè), àâòîìàòè÷åñêîå ñîáëþäåíèå ñèí-
òàêñè÷åñêîé êîððåêòíîñòè ïðè ãåíåðàöèè è ìîäèôèêàöèè ïðîãðàìì. Èíèöèàëèçàöèÿ
âûïîëíÿåòñÿ ïîëíûì ìåòîäîì (full) èëè ðàñòóùèì ìåòîäîì (grow), ëèáî èõ êîìáè-
íàöèåé (ramped half-and-half).
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Çàêëþ÷åíèå

Â õîäå ÷åòâ¼ðòîé ëàáîðàòîðíîé ðàáîòû áûëà óñïåøíî ðåøåíà çàäà÷à íàõîæäå-
íèÿ ôîðìóëû öåëåâîé ôóíêöèè âèäà f(x) =

∑n
i=1

∑i
j=1 x

2
j ñ èñïîëüçîâàíèåì ãåíåòè-

÷åñêîãî ïðîãðàììèðîâàíèÿ:

1. Èçó÷åí òåîðåòè÷åñêèé ìàòåðèàë î ïðåäñòàâëåíèÿõ ïðîãðàìì â ãåíåòè÷åñêîì
ïðîãðàììèðîâàíèè (äðåâîâèäíîå, ëèíåéíîå, ãðàôîâîå) è ñïåöèàëèçèðîâàííûõ
îïåðàòîðàõ êðîññèíãîâåðà è ìóòàöèè äëÿ äðåâîâèäíûõ ñòðóêòóð;

2. Ñîçäàíà ïðîãðàììíàÿ áèáëèîòåêà gp íà ÿçûêå Python ñ ðåàëèçàöèåé äðåâî-
âèäíîãî ïðåäñòàâëåíèÿ õðîìîñîì, êðîññîâåðà ïîääåðåâüåâ, ÷åòûð¼õ òèïîâ ìó-
òàöèé (óçëîâàÿ, óñåêàþùàÿ, ðàñòóùàÿ, Hoist-ìóòàöèÿ), òóðíèðíîé ñåëåêöèè è
áåçîïàñíûõ âåêòîðèçîâàííûõ îïåðàöèé;

3. Ðåàëèçîâàíû ìåòîäû èíèöèàëèçàöèè ïîïóëÿöèè (full, grow, ramped half-and-
half), ôèòíåñ-ôóíêöèè íà îñíîâå ìåòðèê îøèáîê (MSE, RMSE, MAE, NRMSE),
ìåõàíèçì ýëèòèçìà è âèçóàëèçàöèÿ äåðåâüåâ ñ ïîìîùüþ Graphviz;

4. Ïðîâåä¼í ýêñïåðèìåíò ñ ïîïóëÿöèåé èç 400 îñîáåé íà 10000 òåñòîâûõ òî÷êàõ
äëÿ 8 ïåðåìåííûõ. Çà 200 ïîêîëåíèé ( 5.9 ìèíóò) ïîëó÷åíî ðåøåíèå ñ MSE =
0.412 è RMSE = 0.642, ïîëíîñòüþ âêëþ÷àþùåå öåëåâóþ ôóíêöèþ ñ íåáîëüøè-
ìè äîïîëíèòåëüíûìè ñëàãàåìûìè.
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Ñïèñîê ëèòåðàòóðûÑïèñîê ëèòåðàòóðû

[1] Ìåòîäè÷åñêèå óêàçàíèÿ ïî âûïîëíåíèþ ëàáîðàòîðíûõ ðàáîò ê êóðñó ¾Ãåíåòè÷å-
ñêèå àëãîðèòìû¿, 119 ñòð.
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