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1 Ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå áûëè ïîñòàâëåíû ñëåäóþùèå çàäà÷è:

� Èçó÷èòü òåîðåòè÷åñêèé ìàòåðèàë;

� Îçíàêîìèòüñÿ ñ âàðèàíòàìè êîäèðîâàíèÿ õðîìîñîìû;

� Ðàññìîòðåòü ñïîñîáû âûïîëíåíèÿ îïåðàòîðîâ ðåïðîäóêöèè, êðîññèíãîâåðà è
ìóòàöèè;

� Âûïîëíèòü èíäèâèäóàëüíîå çàäàíèå íà ëþáîì ÿçûêå âûñîêîãî óðîâíÿ

Èíäèâèäóàëüíîå çàäàíèå âàðèàíò 18:

Äàíî: Ôóíêöèÿ Axis parallel hyper-ellipsoid function.

Îáùàÿ ôîðìóëà äëÿ n-ìåðíîãî ñëó÷àÿ:

f(x) =
n∑

i=1

i · x2
i

ãäå x = (x1, x2, . . . , xn), îáëàñòü îïðåäåëåíèÿ xi ∈ [−5.12, 5.12] äëÿ âñåõ i = 1, . . . , n.

Äëÿ äâóìåðíîãî ñëó÷àÿ (n=2):

f(x, y) = 1 · x2 + 2 · y2 = x2 + 2y2

îáëàñòü íàõîæäåíèÿ ðåøåíèÿ x ∈ [−5.12, 5.12], y ∈ [−5.12, 5.12].

Ãëîáàëüíûé ìèíèìóì: f(x) = 0 â òî÷êå xi = 0 äëÿ âñåõ i = 1, . . . , n. Äëÿ äâó-
ìåðíîãî ñëó÷àÿ: min f(x, y) = f(0, 0) = 0.

Òðåáóåòñÿ:

1. Ðåàëèçîâàòü ïðîãðàììó íà ÿçûêå Python, èñïîëüçóþùóþ ýâîëþöèîííóþ ñòðà-
òåãèþ äëÿ ïîèñêà ìèíèìóìà ôóíêöèè axis parallel hyper-ellipsoid;

2. Äëÿ n = 2 ïîñòðîèòü âèçóàëèçàöèþ ïîâåðõíîñòè è òðàåêòîðèè ïîèñêà: îòîá-
ðàæàòü íàéäåííûé ýêñòðåìóì è ðàñïîëîæåíèå ïîïóëÿöèè íà êàæäîì øàãå,
îáåñïå÷èòü ïîøàãîâûé ðåæèì;

3. Èññëåäîâàòü âëèÿíèå îñíîâíûõ ïàðàìåòðîâ ÝÑ (ðàçìåð ïîïóëÿöèè, ñòðàòåãèÿ
ìóòàöèè, âåðîÿòíîñòü ðåêîìáèíàöèè) íà ñêîðîñòü ñõîäèìîñòè, ÷èñëî ïîêîëå-
íèé è òî÷íîñòü ðåçóëüòàòà;

4. Ïîâòîðèòü âû÷èñëèòåëüíûé ýêñïåðèìåíò äëÿ n = 3 è ñîïîñòàâèòü çàòðàòû
âðåìåíè è êà÷åñòâî íàéäåííîãî ðåøåíèÿ.
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2 Òåîðåòè÷åñêèå ñâåäåíèÿ

2.1 Îáùèå ñâåäåíèÿ

Ýâîëþöèîííûå ñòðàòåãèè (ÝÑ), òàêæå êàê è ãåíåòè÷åñêèå àëãîðèòìû, îñíîâàíû
íà ýâîëþöèè ïîïóëÿöèè ïîòåíöèàëüíûõ ðåøåíèé, íî, â îòëè÷èå îò íèõ, çäåñü èñïîëü-
çóþòñÿ ãåíåòè÷åñêèå îïåðàòîðû íà óðîâíå ôåíîòèïà, à íå ãåíîòèïà. Ðàçíèöà â òîì,
÷òî ÃÀ ðàáîòàþò â ïðîñòðàíñòâå ãåíîòèïà � êîäîâ ðåøåíèé, â òî âðåìÿ êàê ÝÑ ïðî-
èçâîäÿò ïîèñê â ïðîñòðàíñòâå ôåíîòèïà � âåêòîðíîì ïðîñòðàíñòâå âåùåñòâåííûõ
÷èñåë.

Â ÝÑ ó÷èòûâàþòñÿ ñâîéñòâà õðîìîñîìû ¾â öåëîì¿, â îòëè÷èå îò ÃÀ, ãäå ïðè
ïîèñêå ðåøåíèé èññëåäóþòñÿ îòäåëüíûå ãåíû. Â ïðèðîäå îäèí ãåí ìîæåò îäíîâðå-
ìåííî âëèÿòü íà íåñêîëüêî ñâîéñòâ îðãàíèçìà. Ñ äðóãîé ñòîðîíû, îäíî ñâîéñòâî
îñîáè ìîæåò îïðåäåëÿòüñÿ íåñêîëüêèìè ãåíàìè. Åñòåñòâåííàÿ ýâîëþöèÿ îñíîâàíà íà
èññëåäîâàíèè ñîâîêóïíîñòè ãåíîâ, à íå îòäåëüíîãî (èçîëèðîâàííîãî) ãåíà.

Â ýâîëþöèîííûõ ñòðàòåãèÿõ öåëüþ ÿâëÿåòñÿ äâèæåíèå îñîáåé ïîïóëÿöèè ïî íà-
ïðàâëåíèþ ê ëó÷øåé îáëàñòè ëàíäøàôòà ôèòíåññ-ôóíêöèè. ÝÑ èçíà÷àëüíî ðàçðà-
áîòàíû äëÿ ðåøåíèÿ ìíîãîìåðíûõ îïòèìèçàöèîííûõ çàäà÷, ãäå ïðîñòðàíñòâî ïîèñêà
� ìíîãîìåðíîå ïðîñòðàíñòâî âåùåñòâåííûõ ÷èñåë.

Ðàííèå ýâîëþöèîííûå ñòðàòåãèè îñíîâûâàëèñü íà ïîïóëÿöèè, ñîñòîÿùåé èç îä-
íîé îñîáè, è â íèõ èñïîëüçîâàëñÿ òîëüêî îäèí ãåíåòè÷åñêèé îïåðàòîð � ìóòàöèÿ.
Çäåñü äëÿ ïðåäñòàâëåíèÿ îñîáè (ïîòåíöèàëüíîãî ðåøåíèÿ) áûëà èñïîëüçîâàíà èäåÿ,
êîòîðàÿ çàêëþ÷àåòñÿ â ñëåäóþùåì.

Îñîáü ïðåäñòàâëÿåòñÿ ïàðîé äåéñòâèòåëüíûõ âåêòîðîâ:

v = (x,σ),

ãäå x � òî÷êà â ïðîñòðàíñòâå ðåøåíèé è σ � âåêòîð ñòàíäàðòíûõ îòêëîíåíèé (âà-
ðèàáåëüíîñòü) îò ðåøåíèÿ. Â îáùåì ñëó÷àå îñîáü ïîïóëÿöèè îïðåäåëÿåòñÿ âåêòîðîì
ïîòåíöèàëüíîãî ðåøåíèÿ è âåêòîðîì ¾ñòðàòåãè÷åñêèõ ïàðàìåòðîâ¿ ýâîëþöèè. Îáû÷-
íî ýòî âåêòîð ñòàíäàðòíûõ îòêëîíåíèé (äèñïåðñèÿ), õîòÿ äîïóñêàþòñÿ è äðóãèå ñòà-
òèñòèêè.

Åäèíñòâåííûì ãåíåòè÷åñêèì îïåðàòîðîì â êëàññè÷åñêîé ÝÑ ÿâëÿåòñÿ îïåðàòîð
ìóòàöèè, êîòîðûé âûïîëíÿåòñÿ ïóò¼ì ñëîæåíèÿ êîîðäèíàò âåêòîðà-ðîäèòåëÿ ñî ñëó-
÷àéíûìè ÷èñëàìè, ïîä÷èíÿþùèìèñÿ çàêîíó íîðìàëüíîãî ðàñïðåäåëåíèÿ, ñëåäóþ-
ùèì îáðàçîì:

x(t+1) = x(t) +N (0,σ),

ãäå N (0,σ) � âåêòîð íåçàâèñèìûõ ñëó÷àéíûõ ÷èñåë, ãåíåðèðóåìûõ ñîãëàñíî ðàñïðå-
äåëåíèþ Ãàóññà ñ íóëåâûì ñðåäíèì çíà÷åíèåì è ñòàíäàðòíûì îòêëîíåíèåì σ. Êàê
âèäíî èç ïðèâåä¼ííîé ôîðìóëû, âåëè÷èíà ìóòàöèè óïðàâëÿåòñÿ íåòðàäèöèîííûì
ñïîñîáîì. Èíîãäà ýâîëþöèîííûé ïðîöåññ èñïîëüçóåòñÿ äëÿ èçìåíåíèÿ è ñàìèõ ñòðà-
òåãè÷åñêèõ ïàðàìåòðîâ σ, â ýòîì ñëó÷àå âåëè÷èíà ìóòàöèè ýâîëþöèîíèðóåò âìåñòå
ñ èñêîìûì ïîòåíöèàëüíûì ðåøåíèåì.

Èíòóèòèâíî ÿñíî, ÷òî óâåëè÷åíèå îòêëîíåíèÿ ïîäîáíî óâåëè÷åíèþ øàãà ïî-
èñêà íà ïîâåðõíîñòè ëàíäøàôòà. Âûñîêàÿ âàðèàáåëüíîñòü ñïîñîáñòâóåò ðàñøè-
ðåíèþ ïðîñòðàíñòâà ïîèñêà è ýôôåêòèâíà ïðè íàõîæäåíèè ïîòåíöèàëüíûõ çîí
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(ñóá)îïòèìàëüíûõ ðåøåíèé è ñîîòâåòñòâóåò âûñîêèì çíà÷åíèÿì êîýôôèöèåíòà ìó-
òàöèè. Â òî æå âðåìÿ ìàëûå çíà÷åíèÿ âàðèàáåëüíîñòè ïîçâîëÿþò ñôîêóñèðîâàòüñÿ
íà ïîèñêå ðåøåíèÿ â ïåðñïåêòèâíîé îáëàñòè. Ñòðàòåãè÷åñêèå ïàðàìåòðû ñòîõàñòè-
÷åñêè îïðåäåëÿþò âåëè÷èíó øàãà ïîèñêà: áîëüøàÿ âàðèàáåëüíîñòü âåä¼ò ê áîëüøèì
øàãàì.

2.2 Äâóêðàòíàÿ ýâîëþöèîííàÿ (1+1)-ñòðàòåãèÿ

Çäåñü ïîòîìîê ïðèíèìàåòñÿ â êà÷åñòâå íîâîãî ÷ëåíà ïîïóëÿöèè (îí çàìåíÿåò
ñâîåãî ðîäèòåëÿ), åñëè çíà÷åíèå ôèòíåññ-ôóíêöèè (öåëåâîé ôóíêöèè) íà í¼ì ëó÷øå,
÷åì ó åãî ðîäèòåëÿ è âûïîëíÿþòñÿ âñå îãðàíè÷åíèÿ. Èíà÷å (åñëè çíà÷åíèå ôèòíåññ-
ôóíêöèè íà í¼ì õóæå, ÷åì ó ðîäèòåëÿ), ïîòîìîê óíè÷òîæàåòñÿ è ïîïóëÿöèÿ îñòà¼òñÿ
íåèçìåííîé.

Àëãîðèòì ïðîöåññà ýâîëþöèè äâóêðàòíîé (1+1)-ýâîëþöèîííîé ñòðàòåãèè ìîæíî
ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì:

1. Âûáðàòü ìíîæåñòâî ïàðàìåòðîâ X, íåîáõîäèìûõ äëÿ ïðåäñòàâëåíèÿ ðåøåíèÿ
äàííîé ïðîáëåìû, è îïðåäåëèòü äèàïàçîí äîïóñòèìûõ èçìåíåíèé êàæäîãî ïà-
ðàìåòðà: {xmin

1 , xmax
1 }, {xmin

2 , xmax
2 }, . . . , {xmin

P , xmax
P }. Óñòàíîâèòü íîìåð ïîêîëå-

íèÿ t = 0; çàäàòü ñòàíäàðòíîå îòêëîíåíèå σi äëÿ êàæäîãî ïàðàìåòðà, ôóíêöèþ
f , äëÿ êîòîðîé íåîáõîäèìî íàéòè îïòèìóì, è ìàêñèìàëüíîå ÷èñëî ïîêîëåíèé
k.

2. Äëÿ êàæäîãî ïàðàìåòðà ñëó÷àéíûì îáðàçîì âûáðàòü íà÷àëüíîå çíà÷åíèå èç
äîïóñòèìîãî äèàïàçîíà: ìíîæåñòâî ýòèõ çíà÷åíèé ñîñòàâëÿåò íà÷àëüíóþ ïî-
ïóëÿöèþ (èç îäíîé îñîáè) X(t) = (x1, x2, . . . , xP ).

3. Âû÷èñëèòü çíà÷åíèå îïòèìèçèðóåìîé ôóíêöèè f äëÿ ðîäèòåëüñêîé îñîáè Fp =
f(X(t)).

4. Ñîçäàòü íîâóþ îñîáü-ïîòîìêà: X∗ = X(t) +N (0,σ).

5. Âû÷èñëèòü çíà÷åíèå f äëÿ îñîáè-ïîòîìêà Fo = f(X∗).

6. Ñðàâíèòü çíà÷åíèÿ ôóíêöèé f äëÿ ðîäèòåëÿ è ïîòîìêà; åñëè çíà÷åíèå ïîòîìêà
Fo ëó÷øå, ÷åì ó ðîäèòåëüñêîé îñîáè, òî çàìåíèòü ðîäèòåëÿ íà ïîòîìêà X(t) =
X∗, èíà÷å îñòàâèòü â ïîïóëÿöèè ðîäèòåëÿ.

7. Óâåëè÷èòü íîìåð ïîêîëåíèÿ t = t+ 1.

8. Åñëè íå äîñòèãíóòî ìàêñèìàëüíîå ÷èñëî ïîêîëåíèé t < k, òî ïåðåõîä íà øàã
4, èíà÷å âûäàòü íàéäåííîå ðåøåíèå X(t).

Íåñìîòðÿ íà òî, ÷òî ôàêòè÷åñêè çäåñü ïîïóëÿöèÿ ñîñòîèò èç îäíîé îñîáè, ðàñ-
ñìîòðåííàÿ ñòðàòåãèÿ íàçûâàåòñÿ äâóêðàòíîé ÝÑ. Ïðè÷èíà â òîì, ÷òî çäåñü ôàêòè-
÷åñêè ïðîèñõîäèò êîíêóðåíöèÿ ïîòîìêà è ðîäèòåëÿ.
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2.3 Ïðàâèëî óñïåõà 1/5

Îáû÷íî âåêòîð ñòàíäàðòíûõ îòêëîíåíèé σ îñòà¼òñÿ íåèçìåííûì â òå÷åíèå âñåãî
ïðîöåññà ýâîëþöèè. ×òîáû îïòèìèçèðîâàòü ñêîðîñòü ñõîäèìîñòè ýòîãî ïðîöåññà, È.
Ðåøåíáåðã (îñíîâîïîëîæíèê ÝÑ) ïðåäëîæèë ïðàâèëî óñïåõà ¾1/5¿.

Ñìûñë åãî çàêëþ÷àåòñÿ â ñëåäóþùåì � ïðàâèëî ïðèìåíÿåòñÿ ïîñëå êàæäûõ k
ïîêîëåíèé ïðîöåññà (ãäå k � ïàðàìåòð ýòîãî ìåòîäà):

σ
(t+1)
i =


ci · σ(t)

i , åñëè φ(k) > 1/5,

σ
(t)
i , åñëè φ(k) = 1/5,

cd · σ(t)
i , åñëè φ(k) < 1/5,

ãäå φ(k) � îòíîøåíèå ÷èñëà óñïåøíûõ ìóòàöèé ê îáùåìó ÷èñëó ïðîèçâåä¼ííûõ ìó-
òàöèé k (÷èñëî óñïåõîâ, äåë¼ííîå íà k), êîòîðîå íàçûâàåòñÿ êîýôôèöèåíòîì óñïåõà
äëÿ îïåðàòîðà ìóòàöèè â òå÷åíèå k ïîñëåäíèõ ïîêîëåíèé; âåëè÷èíà ci > 1, cd < 1 �
ðåãóëèðóåò óâåëè÷åíèå/óìåíüøåíèå îòêëîíåíèÿ ìóòàöèè.

Îáû÷íî íà ïðàêòèêå îïòèìàëüíûå çíà÷åíèÿ ïîëàãàþò ðàâíûìè ñëåäóþùèì âå-
ëè÷èíàì: cd = 0.82; ci = 1/0.82 = 1.22. Ñìûñë ýòîãî ïðàâèëà â ñëåäóþùåì:

� åñëè êîýôôèöèåíò óñïåõà φ(k) > 1/5, òî îòêëîíåíèå σ(t+1) óâåëè÷èâàåòñÿ (ìû
èä¼ì áîëåå êðóïíûìè øàãàìè);

� åñëè êîýôôèöèåíò óñïåõà φ(k) < 1/5, òî îòêëîíåíèå σ(t+1) óìåíüøàåòñÿ (øàã
ïîèñêà óìåíüøàåòñÿ).

Òàêèì îáðàçîì, àëãîðèòì àâòîìàòè÷åñêè ïîäñòðàèâàåò øàã ïîèñêà ïîä òåêóùèé
ðåëüåô ôóíêöèè.

2.4 Ìíîãîêðàòíàÿ ýâîëþöèîííàÿ ñòðàòåãèÿ

Ïî ñðàâíåíèþ ñ äâóêðàòíîé ìíîãîêðàòíàÿ ýâîëþöèÿ îòëè÷àåòñÿ íå òîëüêî ðàç-
ìåðîì ïîïóëÿöèè (N > 2), íî è èìååò íåêîòîðûå äîïîëíèòåëüíûå îòëè÷èÿ:

� âñå îñîáè â ïîêîëåíèè èìåþò îäèíàêîâóþ âåðîÿòíîñòü âûáîðà äëÿ ìóòàöèè;

� èìååòñÿ âîçìîæíîñòü ââåäåíèÿ îïåðàòîðà ðåêîìáèíàöèè, ãäå äâà ñëó÷àéíî âû-
áðàííûõ ðîäèòåëÿ ïðîèçâîäÿò ïîòîìêà ïî ñëåäóþùåé ñõåìå:

xïîòîìîêi = xqi
i , i = 1, . . . , n,

ãäå qi = 1 èëè qi = 2 (ò.å. êàæäàÿ êîìïîíåíòà ïîòîìêà êîïèðóåòñÿ èç ïåðâîãî
èëè âòîðîãî ðîäèòåëÿ).

Â ñîâðåìåííîé ëèòåðàòóðå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

� (1 + 1)-ÝÑ � äâóêðàòíàÿ ñòðàòåãèÿ (1 ðîäèòåëü ïðîèçâîäèò 1 ïîòîìêà);

� (µ+ 1)-ÝÑ � ìíîãîêðàòíàÿ ñòðàòåãèÿ (µ ðîäèòåëåé ïðîèçâîäÿò 1 ïîòîìêà);
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� (µ+λ)-ÝÑ � µ ðîäèòåëåé ïðîèçâîäÿò λ ïîòîìêîâ è îòáîð µ ëó÷øèõ ïðåäñòàâè-
òåëåé ïðîèçâîäèòñÿ ñðåäè îáúåäèí¼ííîãî ìíîæåñòâà (µ+ λ îñîáåé) ðîäèòåëåé
è ïîòîìêîâ;

� (µ, λ)-ÝÑ � µ îñîáåé ðîäèòåëåé ïîðîæäàåò λ ïîòîìêîâ, ïðè÷¼ì λ > µ è ïðîöåññ
âûáîðà µ ëó÷øèõ ïðîèçâîäèòñÿ òîëüêî íà ìíîæåñòâå ïîòîìêîâ.

Ñëåäóåò ïîä÷åðêíóòü, ÷òî â îáîèõ ïîñëåäíèõ âèäàõ ÝÑ îáû÷íî ÷èñëî ïîòîìêîâ
ñóùåñòâåííî áîëüøå ÷èñëà ðîäèòåëåé λ > µ (èíîãäà ïîëàãàþò λ/µ = 7).

Ìíîãî÷èñëåííûå èññëåäîâàíèÿ äîêàçûâàþò, ÷òî ÝÑ íå ìåíåå ýôôåêòèâíî, à ÷à-
ñòî ãîðàçäî ëó÷øå ñïðàâëÿþòñÿ ñ çàäà÷àìè îïòèìèçàöèè â ìíîãîìåðíûõ ïðîñòðàí-
ñòâàõ, ïðè ýòîì áîëåå ïðîñòû â ðåàëèçàöèè èç-çà îòñóòñòâèÿ ïðîöåäóð êîäèðîâàíèÿ
è äåêîäèðîâàíèÿ õðîìîñîì.
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3 Îñîáåííîñòè ðåàëèçàöèè

3.1 Ñòðóêòóðà ìîäóëåé

� Ìîäóëü functions.py: ñîäåðæèò ðåàëèçàöèþ òåñòîâîé ôóíêöèè axis parallel
hyper-ellipsoid è âñïîìîãàòåëüíûå ãåíåðàòîðû äèàïàçîíîâ.

� Ìîäóëü es.py: ÿäðî ýâîëþöèîííîé ñòðàòåãèè. Îïðåäåëåíû ñòðóêòóðû êîí-
ôèãóðàöèè, ïðåäñòàâëåíèå îñîáåé è ïîïóëÿöèè, îïåðàòîðû ðåêîìáèíàöèè è
ìóòàöèè.

� Ìîäóëü experiments.py: ñöåíàðèè ñåðèéíûõ ýêñïåðèìåíòîâ ñ ïåðåáîðàìè ïà-
ðàìåòðîâ è ñîõðàíåíèåì ìåòðèê.

� Ìîäóëü main.py: òî÷êà âõîäà äëÿ èíòåðàêòèâíûõ çàïóñêîâ ñ âèçóàëèçàöèåé.

3.2 Ìîäóëü functions.py

Ìîäóëü ñîäåðæèò ðåàëèçàöèþ òåñòîâîé ôóíêöèè axis parallel hyper-ellipsoid:

1 def axis_parallel_hyperellipsoid(x: Array) => �oat:
2 """Axis=parallel hyper=ellipsoid benchmark function.
3
4 Parameters:
5 x: Point in R^n
6
7 Returns:
8 The value of the hyper=ellipsoid function
9 """
10 indices = np.arange(1, x.shape[0] + 1, dtype=np.�oat64)
11 return �oat(np.sum(indices * np.square(x)))

Ôóíêöèÿ ïðèíèìàåò âåêòîð NumPy ïðîèçâîëüíîé ðàçìåðíîñòè è âîçâðàùà-
åò ñêàëÿðíîå çíà÷åíèå ôèòíåñà. Äëÿ äâóìåðíîãî ñëó÷àÿ ôîðìóëà ïðèíèìàåò âèä
f(x1, x2) = x2

1 + 2x2
2, äëÿ òð¼õìåðíîãî f(x1, x2, x3) = x2

1 + 2x2
2 + 3x2

3.

Òàêæå îïðåäåëåíà âñïîìîãàòåëüíàÿ ôóíêöèÿ äëÿ ãåíåðàöèè ñèììåòðè÷íûõ ãðà-
íèö:

1 def default_bounds(dimension: int,
2 lower: �oat = =5.12,
3 upper: �oat = 5.12) => tuple[Array, Array]:
4 """Construct symmetric bounds for each dimension."""
5 x_min = np.full(dimension, lower, dtype=np.�oat64)
6 x_max = np.full(dimension, upper, dtype=np.�oat64)
7 return x_min, x_max
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3.3 Ìîäóëü es.py

3.3.1 Ñòðóêòóðû äàííûõ

Îñîáü ïðåäñòàâëåíà êëàññîì Individual, ñîäåðæàùèì êîîðäèíàòû ðåøåíèÿ,
ñòðàòåãè÷åñêèå ïàðàìåòðû è ôèòíåñ:

1 @dataclass
2 class Individual:
3 """Single individual of the evolution strategy population."""
4 x: Array # Coordinates in solution space
5 sigma: Array # Standard deviations for mutation
6 �tness: �oat # Fitness value
7
8 def copy(self) => "Individual":
9 return Individual(self.x.copy(),
10 self.sigma.copy(),
11 �oat(self.�tness))

Êîíôèãóðàöèÿ ýâîëþöèîííîé ñòðàòåãèè çàäà¼òñÿ ÷åðåç EvolutionStrategyConfig:

1 @dataclass
2 class EvolutionStrategyCon�g:
3 �tness_func: FitnessFn
4 dimension: int
5 x_min: Array
6 x_max: Array
7 mu: int # Number of parents
8 lambda_: int # Number of o�spring
9 mutation_probability: �oat
10 initial_sigma: Array | �oat
11 max_generations: int
12 selection: Literal["plus", "comma"] = "comma"
13 recombination: Literal["intermediate", "discrete",
14 "none"] = "intermediate"
15 success_rule_window: int = 10
16 success_rule_target: �oat = 0.2
17 sigma_increase: �oat = 1.22
18 sigma_decrease: �oat = 0.82
19 # ... other parameters

3.3.2 Ðåêîìáèíàöèÿ

Ôóíêöèÿ recombine ðåàëèçóåò âûáîð ðîäèòåëåé è ñîçäàíèå áàçîâîãî âåêòîðà äëÿ
ïîòîìêà:

1 def recombine(parents: Sequence[Individual],
2 con�g: EvolutionStrategyCon�g) => tuple[Array, Array, �oat]:
3 """Recombine parent individuals before mutation.
4
5 Returns:
6 Base vector, sigma and the best parent �tness
7 """
8 if con�g.recombination == "none":
9 parent = random.choice(parents)
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10 return parent.x.copy(), parent.sigma.copy(), parent.�tness
11
12 selected = random.choices(parents,
13 k=con�g.parents_per_o�spring)
14
15 if con�g.recombination == "intermediate":
16 x = np.mean([p.x for p in selected], axis=0)
17 sigma = np.mean([p.sigma for p in selected], axis=0)
18 elif con�g.recombination == "discrete":
19 mask = np.random.randint(0, len(selected),
20 size=con�g.dimension)
21 x = np.array([selected[mask[i]].x[i]
22 for i in range(con�g.dimension)])
23 sigma = np.array([selected[mask[i]].sigma[i]
24 for i in range(con�g.dimension)])
25
26 parent_�tness = min(p.�tness for p in selected)
27 return x, sigma, parent_�tness

Ïðîìåæóòî÷íàÿ ðåêîìáèíàöèÿ óñðåäíÿåò êîîðäèíàòû ðîäèòåëåé, äèñêðåòíàÿ
êîïèðóåò êàæäóþ êîîðäèíàòó èç ñëó÷àéíî âûáðàííîãî ðîäèòåëÿ.

3.3.3 Ìóòàöèÿ

Îïåðàòîð ìóòàöèè èñïîëüçóåò ëîãíîðìàëüíîå ðàñïðåäåëåíèå äëÿ àäàïòàöèè
ñòðàòåãè÷åñêèõ ïàðàìåòðîâ:

1 def mutate(x: Array, sigma: Array,
2 con�g: EvolutionStrategyCon�g,
3 sigma_scale: �oat) => tuple[Array, Array]:
4 """Apply log=normal mutation with optional
5 per=coordinate masking."""
6 global_noise = np.random.normal()
7 coordinate_noise = np.random.normal(size=con�g.dimension)
8
9 # Adapt sigma using log=normal distribution
10 sigma_new = sigma * np.exp(con�g.tau_prime * global_noise +
11 con�g.tau * coordinate_noise)
12 sigma_new = np.clip(sigma_new * sigma_scale,
13 con�g.sigma_min, con�g.sigma_max)
14
15 # Apply mutation steps
16 steps = np.random.normal(size=con�g.dimension) * sigma_new
17
18 # Optional per=coordinate mutation probability
19 if con�g.mutation_probability < 1.0:
20 mask = np.random.random(con�g.dimension) < \
21 con�g.mutation_probability
22 if not np.any(mask):
23 mask[np.random.randint(0, con�g.dimension)] = True
24 steps = steps * mask
25 sigma_new = np.where(mask, sigma_new, sigma)
26
27 x_new = np.clip(x + steps, con�g.x_min, con�g.x_max)
28 return x_new, sigma_new
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Ïàðàìåòðû τ è τ ′ âû÷èñëÿþòñÿ êàê τ = 1/
√
2
√
n è τ ′ = 1/

√
2n, ãäå n � ðàçìåð-

íîñòü çàäà÷è.

3.3.4 Ñîçäàíèå ïîòîìêîâ

Ôóíêöèÿ create_offspring ãåíåðèðóåò λ ïîòîìêîâ è îòñëåæèâàåò óñïåøíûå ìó-
òàöèè:

1 def create_o�spring(parents: Sequence[Individual],
2 con�g: EvolutionStrategyCon�g,
3 sigma_scale: �oat) => tuple[list[Individual],
4 list[bool]]:
5 """Create o�spring and track successful mutations."""
6 o�spring: list[Individual] = []
7 successes: list[bool] = []
8
9 for _ in range(con�g.lambda_):
10 base_x, base_sigma, best_parent_�tness = \
11 recombine(parents, con�g)
12 mutated_x, mutated_sigma = \
13 mutate(base_x, base_sigma, con�g, sigma_scale)
14 �tness = �oat(con�g.�tness_func(mutated_x))
15 child = Individual(mutated_x, mutated_sigma, �tness)
16 o�spring.append(child)
17 successes.append(�tness < best_parent_�tness)
18
19 return o�spring, successes

3.3.5 Ñåëåêöèÿ

Îòáîð ñëåäóþùåãî ïîêîëåíèÿ ïðîèçâîäèòñÿ ñîãëàñíî âûáðàííîé ñòðàòåãèè:

1 def select_next_generation(parents: list[Individual],
2 o�spring: list[Individual],
3 con�g: EvolutionStrategyCon�g) => list[Individual]:
4 """Select next generation according to the strategy."""
5 if con�g.selection == "plus":
6 pool = parents + o�spring # (mu + lambda)=strategy
7 else:
8 pool = o�spring # (mu, lambda)=strategy
9
10 pool.sort(key=lambda ind: ind.�tness)
11 next_generation = [ind.copy() for ind in pool[:con�g.mu]]
12 return next_generation

3.4 Ãëàâíàÿ ôóíêöèÿ àëãîðèòìà

Ôóíêöèÿ run_evolution_strategy ðåàëèçóåò îñíîâíîé öèêë ýâîëþöèîííîé
ñòðàòåãèè ñ àäàïòàöèåé ïî ïðàâèëó óñïåõà 1/5:

1 def run_evolution_strategy(con�g: EvolutionStrategyCon�g) => EvolutionStrategyResult:
2 """Main evolution strategy loop with 1/5 success rule."""
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3 # Initialize random seed
4 if con�g.seed is not None:
5 random.seed(con�g.seed)
6 np.random.seed(con�g.seed)
7
8 # Initialize population
9 parents = [Individual(
10 np.random.uniform(con�g.x_min, con�g.x_max),
11 con�g.make_initial_sigma(),
12 0.0
13 ) for _ in range(con�g.mu)]
14 evaluate_population(parents, con�g.�tness_func)
15
16 sigma_scale = 1.0
17 success_window: deque[�oat] = deque()
18
19 for generation_number in range(1, con�g.max_generations + 1):
20 # Create o�spring and track successes
21 o�spring, successes = create_o�spring(parents, con�g,
22 sigma_scale)
23 success_ratio = sum(successes) / len(successes)
24 success_window.append(success_ratio)
25
26 # Apply 1/5 success rule
27 if len(success_window) == con�g.success_rule_window:
28 average_success = sum(success_window) / \
29 len(success_window)
30 if average_success > con�g.success_rule_target:
31 sigma_scale = min(sigma_scale * con�g.sigma_increase,
32 con�g.sigma_scale_max)
33 elif average_success < con�g.success_rule_target:
34 sigma_scale = max(sigma_scale * con�g.sigma_decrease,
35 con�g.sigma_scale_min)
36 success_window.clear()
37
38 # Select next generation
39 parents = select_next_generation(parents, o�spring, con�g)
40
41 # Check stopping criteria
42 # ...
43
44 return EvolutionStrategyResult(...)

Ïðàâèëî óñïåõà 1/5 ïðèìåíÿåòñÿ êàæäûå k ïîêîëåíèé (ïî óìîë÷àíèþ k = 5):
åñëè äîëÿ óñïåøíûõ ìóòàöèé âûøå 1/5, ìàñøòàá σ óâåëè÷èâàåòñÿ â 1.22 ðàçà, åñëè
íèæå � óìåíüøàåòñÿ â 0.82 ðàçà.
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4 Ðåçóëüòàòû ðàáîòû

Äëÿ äåìîíñòðàöèè ðàáîòû àëãîðèòìà áûëà âûïîëíåíà âèçóàëèçàöèÿ ïðîöåññà
îïòèìèçàöèè äâóìåðíîé ôóíêöèè (n = 2) ñî ñëåäóþùèìè ïàðàìåòðàìè:

� µ = 20 � ðàçìåð ïîïóëÿöèè ðîäèòåëåé.

� λ = 80 � ÷èñëî ïîòîìêîâ (λ = 4µ).

� pmut = 0.7 � âåðîÿòíîñòü ìóòàöèè êàæäîé êîîðäèíàòû.

� Ïðîìåæóòî÷íàÿ ðåêîìáèíàöèÿ äâóõ ðîäèòåëåé.

� (µ, λ)-ñåëåêöèÿ: ðîäèòåëè ïîëíîñòüþ çàìåíÿþòñÿ.

� Àäàïòèâíîå ìàñøòàáèðîâàíèå øàãà ìóòàöèè ïî ïðàâèëó óñïåõà 1/5.

� Íà÷àëüíîå ñòàíäàðòíîå îòêëîíåíèå σ0 = 0.15 · (xmax − xmin).

Âèçóàëèçàöèÿ âîñïðîèçâîäèò ïîâåðõíîñòü öåëåâîé ôóíêöèè è ïîëîæåíèå ïîïó-
ëÿöèè íà êàæäîì øàãå. Ïîøàãîâûé ðåæèì ïîçâîëÿåò íàáëþäàòü âëèÿíèå èçìåíåíèÿ
äèñïåðñèé: ïðè óñïåøíûõ ìóòàöèÿõ îáëàêî òî÷åê ðàñøèðÿåòñÿ, ïðè íåóäà÷àõ ñæè-
ìàåòñÿ âîêðóã òåêóùåãî ìèíèìóìà. Ïîïóëÿöèÿ ïîñòåïåííî êîíñîëèäèðóåòñÿ âîêðóã
ãëîáàëüíîãî ìèíèìóìà â òî÷êå (0, 0).

Ðèñ. 1. Ïîêîëåíèå 1: íà÷àëüíàÿ ïîïóëÿöèÿ è ðåëüåô ôóíêöèè
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Ðèñ. 2. Ïîêîëåíèå 2: àäàïòàöèÿ ñòðàòåãè÷åñêèõ ïàðàìåòðîâ

Ðèñ. 3. Ïîêîëåíèå 3: ôîêóñèðîâêà ïîèñêà îêîëî ìèíèìóìà

Ðèñ. 4. Ïîêîëåíèå 5: ñæàòèå îáëàêà ðåøåíèé

14



Ðèñ. 5. Ïîêîëåíèå 8: ñòàáèëèçàöèÿ øàãà ìóòàöèè

Ðèñ. 6. Ïîêîëåíèå 10: äâèæåíèå âäîëü äîëèíû óðîâíÿ

Ðèñ. 7. Ïîêîëåíèå 17: îêîí÷àòåëüíàÿ ïîïóëÿöèÿ
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5 Èññëåäîâàíèå ïàðàìåòðîâ

Â ðàìêàõ ëàáîðàòîðíîé ðàáîòû áûëî ïðîâåäåíî èññëåäîâàíèå âëèÿíèÿ ðàçìåðà
ïîïóëÿöèè µ è âåðîÿòíîñòè ìóòàöèè pmut íà ýôôåêòèâíîñòü àëãîðèòìà. Äëÿ ýêñïå-
ðèìåíòîâ èñïîëüçîâàëàñü (µ, λ)-ñòðàòåãèÿ ñ λ = 5µ, ïðîìåæóòî÷íîé ðåêîìáèíàöèåé
è àäàïòèâíûì ìàñøòàáèðîâàíèåì øàãà ìóòàöèè ïî ïðàâèëó óñïåõà 1/5.

5.1 Ïðîâåäåíèå èçìåðåíèé

Äëÿ èññëåäîâàíèÿ áûëè âûáðàíû ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ:

� µ = 5, 10, 20, 40 � ðàçìåð ïîïóëÿöèè ðîäèòåëåé.

� pmut = 0.3, 0.5, 0.7, 0.9, 1.0 � âåðîÿòíîñòü ìóòàöèè êàæäîé êîîðäèíàòû.

� Êîëè÷åñòâî íåçàâèñèìûõ çàïóñêîâ äëÿ óñðåäíåíèÿ ðåçóëüòàòîâ: 5.

� Êðèòåðèé îñòàíîâêè: äîñòèæåíèå ïîðîãà f(x) < 10−6 èëè èñ÷åðïàíèå ëèìèòà
300 ïîêîëåíèé.

Ðåçóëüòàòû èçìåðåíèé ïðåäñòàâëåíû â òàáëèöàõ 1 è 2. Â ÿ÷åéêàõ óêàçàíî ñðåä-
íåå âðåìÿ âûïîëíåíèÿ â ìèëëèñåêóíäàõ è ñðåäíåå ÷èñëî ïîêîëåíèé äî äîñòèæåíèÿ
êðèòåðèÿ îñòàíîâêè. Ëó÷øèå ðåçóëüòàòû ïî âðåìåíè âûïîëíåíèÿ è ïî ÷èñëó ïîêî-
ëåíèé âûäåëåíû æèðíûì öâåòîì.

Òàáëèöà 1. Ðåçóëüòàòû äëÿ n = 2. Ôîðìàò: âðåìÿ â ìñ (÷èñëî ïîêîëåíèé)

µ \ pmut 0.30 0.50 0.70 0.90 1.00

5 60.6 (37) 35.1 (23) 37.9 (25) 29.2 (20) 20.4 (17)

10 69.5 (22) 84.1 (28) 61.1 (21) 48.2 (17) 38.1 (16)

20 109.6 (18) 120.4 (20) 107.0 (18) 100.2 (17) 69.4 (15)

40 239.8 (19) 225.9 (19) 199.9 (17) 180.6 (16) 121.4 (13)

Òàáëèöà 2. Ðåçóëüòàòû äëÿ n = 3. Ôîðìàò: âðåìÿ â ìñ (÷èñëî ïîêîëåíèé)

µ \ pmut 0.30 0.50 0.70 0.90 1.00

5 146.0 (88) 212.2 (126) 93.7 (60) 44.8 (29) 30.3 (25)

10 155.9 (49) 149.3 (48) 88.7 (30) 69.8 (24) 55.7 (23)

20 235.5 (38) 199.0 (32) 157.7 (26) 125.8 (21) 105.9 (21)

40 670.3 (53) 374.2 (31) 311.8 (26) 258.2 (22) 194.0 (20)
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5.2 Àíàëèç ðåçóëüòàòîâ

Àíàëèç ýêñïåðèìåíòàëüíûõ äàííûõ âûÿâëÿåò ñëåäóþùèå çàêîíîìåðíîñòè:

� Âëèÿíèå âåðîÿòíîñòè ìóòàöèè: Óâåëè÷åíèå pmut îò 0.3 äî 1.0 ïîñëåäîâà-
òåëüíî óëó÷øàåò ðåçóëüòàòû êàê ïî âðåìåíè, òàê è ïî ÷èñëó ïîêîëåíèé. Ýòî
îáúÿñíÿåòñÿ òåì, ÷òî áîëåå ÷àñòàÿ ìóòàöèÿ âñåõ êîîðäèíàò óñêîðÿåò èññëåäî-
âàíèå ïðîñòðàíñòâà è àäàïòàöèþ ïîïóëÿöèè. Ëó÷øèå ðåçóëüòàòû äîñòèãàþòñÿ
ïðè pmut = 1.0 (ìóòàöèÿ âñåõ êîîðäèíàò íà êàæäîì øàãå).

� Âëèÿíèå ðàçìåðà ïîïóëÿöèè: Ïðè ìàëûõ µ (5-10) àëãîðèòì äåìîíñòðè-
ðóåò íàèìåíüøåå âðåìÿ âûïîëíåíèÿ è óìåðåííîå ÷èñëî ïîêîëåíèé. Ñ ðîñòîì
µ äî 40 âðåìÿ óâåëè÷èâàåòñÿ ïðîïîðöèîíàëüíî ðàçìåðó ïîïóëÿöèè, íî ÷èñëî
ïîêîëåíèé ñíèæàåòñÿ áëàãîäàðÿ áîëåå øèðîêîìó îõâàòó ïðîñòðàíñòâà ïîèñêà.
Äëÿ äâóìåðíîé çàäà÷è îïòèìàëüíûì ÿâëÿåòñÿ µ = 5, pmut = 1.0 (20.4 ìñ, 17
ïîêîëåíèé).

� Ìàñøòàáèðîâàíèå íà ðàçìåðíîñòü: Ïðè ïåðåõîäå îò n = 2 ê n = 3 âðå-
ìÿ âûïîëíåíèÿ èçìåíÿåòñÿ íåçíà÷èòåëüíî (30.3 ìñ ïðîòèâ 20.4 ìñ äëÿ ëó÷øåé
êîíôèãóðàöèè), îäíàêî òðåáóåòñÿ áîëüøå ïîêîëåíèé (25 ïðîòèâ 17). Ýòî ñâÿ-
çàíî ñ óñëîæíåíèåì ëàíäøàôòà öåëåâîé ôóíêöèè è íåîáõîäèìîñòüþ áîëüøåãî
÷èñëà èòåðàöèé äëÿ äîñòèæåíèÿ ïîðîãà 10−6.

� Ýôôåêòèâíîñòü àäàïòàöèè: Ïðàâèëî óñïåõà 1/5 îáåñïå÷èâàåò àâòîìàòè-
÷åñêóþ ïîäñòðîéêó ìàñøòàáà ìóòàöèè, ÷òî ïîçâîëÿåò àëãîðèòìó áûñòðî ñõî-
äèòüñÿ áåç ðó÷íîé íàñòðîéêè íà÷àëüíîãî σ. Ìèíèìàëüíîå ÷èñëî ïîêîëåíèé (13
è 20 äëÿ n = 2 è n = 3 ñîîòâåòñòâåííî) äîñòèãàåòñÿ ïðè áîëüøèõ ïîïóëÿöèÿõ
(µ = 40) è âûñîêîé âåðîÿòíîñòè ìóòàöèè (pmut = 1.0).
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6 Îòâåò íà êîíòðîëüíûé âîïðîñ

Âîïðîñ: ×òî òàêîå íàïðàâëåííàÿ ìóòàöèÿ?

Îòâåò: Íàïðàâëåííàÿ ìóòàöèÿ � ýòî òèï ìóòàöèè, ïðè êîòîðîì èçìåíåíèÿ âíî-
ñÿòñÿ íå ñëó÷àéíûì îáðàçîì, à ñ ó÷¼òîì èíôîðìàöèè î ëàíäøàôòå ôèòíåñ-ôóíêöèè
èëè íàïðàâëåíèè óëó÷øåíèÿ ðåøåíèÿ. Â îòëè÷èå îò îáû÷íîé (íåíàïðàâëåííîé) ìó-
òàöèè, êîòîðàÿ äîáàâëÿåò ñëó÷àéíûé øóì ê ïàðàìåòðàì, íàïðàâëåííàÿ ìóòàöèÿ èñ-
ïîëüçóåò èíôîðìàöèþ î ãðàäèåíòå ôóíêöèè ïðèñïîñîáëåííîñòè, èñòîðèþ óñïåøíûõ
ìóòàöèé èëè äðóãèå ýâðèñòèêè, ÷òîáû èçìåíÿòü îñîáü â íàïðàâëåíèè, ñ áîëüøåé âå-
ðîÿòíîñòüþ âåäóùåì ê óëó÷øåíèþ. Ýòî ïîçâîëÿåò óñêîðèòü ñõîäèìîñòü àëãîðèòìà,
îñîáåííî âáëèçè îïòèìóìà, êîìáèíèðóÿ ïðåèìóùåñòâà ýâîëþöèîííîãî ïîèñêà è ìå-
òîäîâ ëîêàëüíîé îïòèìèçàöèè.
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Çàêëþ÷åíèå

Â õîäå ïÿòîé ëàáîðàòîðíîé ðàáîòû ðåàëèçîâàíà ïðîãðàììà îïòèìèçàöèè ìíîãî-
ìåðíûõ ôóíêöèé ìåòîäîì ýâîëþöèîííûõ ñòðàòåãèé. Ïîëó÷åíû ñëåäóþùèå ðåçóëü-
òàòû:

1. Èçó÷åíû òåîðåòè÷åñêèå îñíîâû (1+1) è ïîïóëÿöèîííûõ ÝÑ, âêëþ÷àÿ ñàìîíà-
ñòðàèâàþùóþñÿ ìóòàöèþ è ïðàâèëî óñïåõà 1/5;

2. Ðàçðàáîòàíà ìîäóëüíàÿ Python-ðåàëèçàöèÿ ñ ïîääåðæêîé âèçóàëèçàöèè ïîèñ-
êà è ãèáêîé êîíôèãóðàöèåé ñòðàòåãè÷åñêèõ ïàðàìåòðîâ;

3. Ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû äëÿ èçìåðåíèÿ âëèÿíèÿ ðàçìåðà
ïîïóëÿöèè, èíòåíñèâíîñòè ìóòàöèè è ñõåìû àäàïòàöèè íà ñêîðîñòü ñõîäèìîñòè
ïðè n = 2 è n = 3;

4. Ïîäãîòîâëåíà èíôðàñòðóêòóðà äëÿ äàëüíåéøåãî ðàñøèðåíèÿ: ñîõðàíåíèå èñ-
òîðèé ïîêîëåíèé, ýêñïîðò ðåçóëüòàòîâ è èíòåðàêòèâíûé ïðîñìîòð øàãîâ îï-
òèìèçàöèè.
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