
Ïðàêòè÷åñêîå çàäàíèå

Âûïîëíèòü çàäàíèÿ, èñïîëüçóÿ çíà÷åíèÿ èç òàáëèö:

1. Âû÷èñëèòü |ψ1⟩ = U1U2ν1; |ψ2⟩ = U2U1ν1, ñðàâíèòü ðåçóëüòàòû. Ïî÷åìó
ðåçóëüòàòû ñîøëèñü/ðàçîøëèñü?

2. Âû÷èñëèòü |ψ3⟩ = U2ν2; |ψ4⟩ = U1ν2.

3. Âû÷èñëèòü |ψ5⟩ = U3ν1; |ψ6⟩ = U3ν2.

Ïðîâåðèòü óíèòàðíîñòü ìàòðèö Ui ïóò¼ì ïðîâåðêè äëèíû èñõîäíîãî νi è ðåçóëü-
òèðóþùåãî âåêòîðà |ψi⟩.

Çàïèñàòü êàæäûé ïîëó÷èâøèéñÿ ðåçóëüòàò |ψi⟩ âî âñåõ âèäàõ çàïèñè êóáèòà:

|ψ⟩ = a |0⟩+ b |1⟩

|ψ⟩ = r1 |0⟩+ r2e
iφ |1⟩

|ψ⟩ = cos

(
θ

2

)
|0⟩+ sin

(
θ

2

)
eiφ |1⟩

|ψ⟩ =
[
a

b

]

|ψ⟩ =
1∑
i=0

ai |i⟩

Ïîñòðîèòü íà ñôåðå Áëîõà âû÷èñëåííûå çíà÷åíèÿ âåêòîðîâ |ψ1⟩, |ψ2⟩, |ψ3⟩, |ψ4⟩,
ãäå

ν1 =


√
2

2

−
√
2

2
i

 , ν2 =

√
3− 1

2
√
2

|0⟩+
√
3 + 1

2
√
2

|1⟩ ,

U1 =

[
1 0

0 i

]
, U2 =


√
2

2

√
2

2√
2

2
−
√
2

2

 ,
U3 =

[√
2 cos

(
π
4

)
−i sin

(
π
4

)
−i sin

(
π
4

) √
2 cos

(
π
4

)] .

1



Ïðîâåðåííûå ïî øàãàì âû÷èñëåíèÿ è çàïèñè ñîñòîÿ-

íèé

Èñõîäíûå äàííûå

ν1 =


√
2

2

−
√
2

2
i

 =
1√
2

[
1

−i

]
, ν2 =


√
3− 1

2
√
2√

3 + 1

2
√
2

 =:

[
a
b

]
,

U1 =

[
1 0

0 i

]
, U2 =

1√
2

[
1 1

1 −1

]
, U3 =

[
1 −i

√
2
2

−i
√
2
2

1

]
.

Çäåñü a =

√
3− 1

2
√
2
, b =

√
3 + 1

2
√
2

∈ R.

Íîðìû èñõîäíûõ âåêòîðîâ

∥ν1∥2 =
1

2

(
1 + | − i|2

)
=

1

2
(1 + 1) = 1,

∥ν2∥2 = a2 + b2 =
(
√
3− 1)2 + (

√
3 + 1)2

(2
√
2)2

=
(4− 2

√
3) + (4 + 2

√
3)

8
= 1.

1) |ψ1⟩ = U1U2ν1 è |ψ2⟩ = U2U1ν1 (ïî øàãàì)

Øàã 1: U2ν1.

U2ν1 =
1√
2

[
1 1

1 −1

]
· 1√

2

[
1

−i

]
=

1

2

[
1 + (−i)
1− (−i)

]
=

1

2

[
1− i

1 + i

]
.

Øàã 2: U1(U2ν1) ⇒ |ψ1⟩.

|ψ1⟩ = U1

(
1

2

[
1− i

1 + i

])
=

1

2

[
1− i

i(1 + i)

]
=

1

2

[
1− i

i+ i2

]
=

 1− i

2
−1 + i

2

 .
Øàã 3: U1ν1.

U1ν1 =
1√
2

[
1 0

0 i

][
1

−i

]
=

1√
2

[
1

i(−i)

]
=

1√
2

[
1

1

]
.

Øàã 4: U2(U1ν1) ⇒ |ψ2⟩.

|ψ2⟩ = U2

(
1√
2

[
1

1

])
=

1√
2
· 1√

2

[
1 1

1 −1

][
1

1

]
=

1

2

[
2

0

]
=

[
1

0

]
= |0⟩ .

Âûâîä î (íå)êîììóòàòèâíîñòè.

U1U2 =
1√
2

[
1 1

i −i

]
, U2U1 =

1√
2

[
1 i

1 −i

]
, U1U2 ̸= U2U1 ⇒ |ψ1⟩ ≠ |ψ2⟩ .
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2) |ψ3⟩ = U2ν2, |ψ4⟩ = U1ν2 (ïî øàãàì)

Øàã 1: U2ν2.

|ψ3⟩ = U2

[
a
b

]
=

1√
2

[
a+ b

a− b

]
.

ßâíî:

a+ b =

√
3− 1 +

√
3 + 1

2
√
2

=
2
√
3

2
√
2
=

√
3√
2
, a− b =

√
3− 1− (

√
3 + 1)

2
√
2

=
−2

2
√
2
= − 1√

2
.

Îòñþäà

|ψ3⟩ =
1√
2


√
3√
2

− 1√
2

 =


√
3

2

−1

2

 .
Øàã 2: U1ν2.

|ψ4⟩ = U1

[
a
b

]
=

[
a

ib

]
=


√
3− 1

2
√
2

i

√
3 + 1

2
√
2

 .

3) |ψ5⟩ = U3ν1, |ψ6⟩ = U3ν2 (ïî øàãàì)

Ïîëîæèì α =

√
2

2
. Òîãäà U3 =

[
1 −iα

−iα 1

]
.

Øàã 1: U3ν1.

U3ν1 =

[
1 −iα

−iα 1

]
· 1√

2

[
1

−i

]
=

1√
2

[
1 + (−iα)(−i)

(−iα) · 1 + 1 · (−i)

]
.

Òàê êàê (−i)(−i) = (−i)2 = −1, òî

|ψ5⟩ =
1√
2

[
1− α

−i(α + 1)

]
=


√
2

2
(1−

√
2
2
)

− i

√
2

2

(
1 +

√
2
2

)
 =


√
2− 1

2

− i
1 +

√
2

2

 .
Øàã 2: U3ν2.

|ψ6⟩ = U3

[
a
b

]
=

[
a+ (−iα)b
(−iα)a+ b

]
=

[
a− iαb

b− iαa

]
.

Òàê êàê αb =

√
2

2
·
√
3 + 1

2
√
2

=

√
3 + 1

4
, αa =

√
3− 1

4
, ïîëó÷àåì

|ψ6⟩ =


√
3− 1

2
√
2

− i

√
3 + 1

4√
3 + 1

2
√
2

− i

√
3− 1

4

 .
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Ïðîâåðêà íîðì (òåñò óíèòàðíîñòè ïî äëèíàì)

Äëÿ U1, U2.

∥ψ1∥2 =
∣∣∣∣1− i

2

∣∣∣∣2 + ∣∣∣∣−1 + i

2

∣∣∣∣2 = 1 + 1

4
+

1 + 1

4
= 1,

∥ψ2∥2 = |1|2 + 0 = 1, ∥ψ3∥2 =

(√
3

2

)2

+

(
1

2

)2

=
3

4
+

1

4
= 1,

∥ψ4∥2 = a2 + |ib|2 = a2 + b2 = 1.

Ñëåäîâàòåëüíî, U1 è U2 ñîõðàíÿþò íîðìó èñõîäíûõ ñîñòîÿíèé.

Äëÿ U3.

∥ψ5∥2 =

(√
2− 1

2

)2

+

(
1 +

√
2

2

)2

=
3− 2

√
2

4
+

3 + 2
√
2

4
=

3

2
,

∥ψ6∥2 = (a2 + (
√
3+1
4

)2) + (b2 + (
√
3−1
4

)2) =
6−

√
3

8
+

6 +
√
3

8
=

3

2
.

Èòàê, U3 íå óíèòàðíà (íîðìû íå ñîõðàíÿþòñÿ). Äîïîëíèòåëüíî: ñòîëáöû U3 îðòîãî-

íàëüíû, íî èìåþò íîðìó
√
1 + α2 =

√
3/2 ̸= 1; íîðìèðîâàííûé âàðèàíò Ũ3 =

√
2
3
U3

áûë áû óíèòàðíûì.

Çàïèñü êàæäîãî |ψi⟩ âî âñåõ ñòàíäàðòíûõ ôîðìàõ
|ψ1⟩.

|ψ1⟩ = a |0⟩+ b |1⟩ , a =
1− i

2
=

√
2

2
e−iπ/4, b =

−1 + i

2
=

√
2

2
e+3iπ/4.

b

a
= eiπ, |a| = |b| = 1√

2
.

|ψ1⟩ =
1√
2
|0⟩+ 1√

2
eiπ |1⟩ = cos

π

4
|0⟩+ sin

π

4
eiπ |1⟩ ,

θ =
π

2
, φ = π, |ψ1⟩ =

 1− i

2
−1 + i

2

 =
1∑
i=0

ai |i⟩ , a0 = a, a1 = b.

|ψ2⟩.
|ψ2⟩ = 1 · |0⟩+ 0 · |1⟩ = cos

0

2
|0⟩+ sin

0

2
eiφ |1⟩ ,

θ = 0, φ ïðîèçâîëüíà, |ψ2⟩ =
[
1

0

]
, a0 = 1, a1 = 0.
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|ψ3⟩.

|ψ3⟩ =
√
3

2
|0⟩ − 1

2
|1⟩ =

√
3

2
|0⟩+ 1

2
eiπ |1⟩ ,

cos
θ

2
=

√
3

2
, ⇒ θ =

π

3
, φ = π,

|ψ3⟩ =


√
3

2

−1

2

 , a0 =

√
3

2
, a1 = −1

2
.

|ψ4⟩.

|ψ4⟩ = a |0⟩+ ib |1⟩ = a |0⟩+ b eiπ/2 |1⟩ , a =

√
3− 1

2
√
2
, b =

√
3 + 1

2
√
2
,

cos
θ

2
= a, sin

θ

2
= b, ⇒ θ = 2arccos a, φ =

π

2
,

|ψ4⟩ =


√
3− 1

2
√
2

i

√
3 + 1

2
√
2

 , a0 = a, a1 = ib.

|ψ5⟩ (íå íîðìèðîâàíî) è íîðìèðîâàííîå ψ̂5.

|ψ5⟩ =
√
2− 1

2
|0⟩+ 1 +

√
2

2
e−iπ/2 |1⟩ , ∥ψ5∥2 =

3

2
.

Íîðìèðóþùèé ìíîæèòåëü c = 1
∥ψ5∥ =

√
2
3
,

|ψ̂5⟩ = c |ψ5⟩ =
√

2

3

√
2− 1

2︸ ︷︷ ︸
=:r1

|0⟩+
√

2

3

1 +
√
2

2︸ ︷︷ ︸
=:r2

e−iπ/2 |1⟩ ,

θ5 = 2arccos r1, φ5 = −π
2
, |ψ̂5⟩ =

[
r1

r2e
−iπ/2

]
.

|ψ6⟩ (íå íîðìèðîâàíî) è íîðìèðîâàííîå ψ̂6. Îáîçíà÷èì p =

√
3 + 1

4
, q =

√
3− 1

4
. Òîãäà

|ψ6⟩ = (a− ip) |0⟩+ (b− iq) |1⟩ , ∥ψ6∥2 =
3

2
.

Íîðìèðóþùèé ìíîæèòåëü c =
√

2
3
,

|ψ̂6⟩ = c |ψ6⟩ = c
√
a2 + p2︸ ︷︷ ︸
=:r1

|0⟩+ c
√
b2 + q2︸ ︷︷ ︸
=:r2

eiφ |1⟩ ,
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ãäå ôàçà è óãëû:

arg(a− ip) = − arctan
p

a
, arg(b− iq) = − arctan

q

b
,

φ = arg(b− iq)− arg(a− ip) = arctan
p

a
− arctan

q

b
,

r21 = c2(a2 + p2) =
2

3
· 6−

√
3

8
=

6−
√
3

12
, r22 = c2(b2 + q2) =

2

3
· 6 +

√
3

8
=

6 +
√
3

12
,

θ6 = 2arccos r1, |ψ̂6⟩ =
[
r1
r2e

iφ

]
.

Êîîðäèíàòû íà ñôåðå Áëîõà äëÿ |ψ1⟩ , |ψ2⟩ , |ψ3⟩ , |ψ4⟩
Ñîñòîÿíèå θ φ

|ψ1⟩
π

2
π

|ψ2⟩ 0 ëþáàÿ

|ψ3⟩
π

3
π

|ψ4⟩ 2 arccos
(√3− 1

2
√
2

) π

2

Èòîã

Âñå øàãè óìíîæåíèé è íîðì ïðîâåðåíû. U1 è U2 � óíèòàðíû (íîðìû ñîõðàíÿþòñÿ),
U3 â çàäàííîì âèäå � íå óíèòàðíà (∥ψ5∥2 = ∥ψ6∥2 = 3

2
).

6


